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1 Introduction

• Useful when the response is categorical or count data.

• Used in ecology, finance, economics, political science, neuroscience, epidemiology.

• Ralph Reed is data mining your Kindle [Becker, 2012].

– Response: Vote Republican
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– Predictors: hunting license, read the Bible, has read “Going Rogue” by Sarah
Palin, drive a pickup, married, income.

• Sometimes such models evolve in time.

– Spike train data in neuroscience.

• Outline

– Posterior inference via data augmentation in static case.

– Then posterior inference for dynamic case.

2 Binary Data (Static Case)

• yi ∈ {0, 1} response, xi row-vector of predictors.

• P (yi = 1) = pi

• ����
�

pi = xiβ

• Transform to some other coordinate system:

– ψi = g(pi) ⇐⇒ pi = σ(ψi), σ is a sigmoidal function.

– ψi = xiβ ← linear model in new coordinate system.

– A term in LH:
pyii (1− pi)1−yi ⇐⇒ σ(yi)

yi(1− σ(yi))
1−yi .

LH:
n∏
i=1

σ(yi)
yi(1− σ(yi))

1−yi .

• Problem: we don’t know this distribution.

• Possible Solutions:

– Metropolis-Hastings (requires picking a proposal, tuning).

– Data augmentation + Gibbs sampling (don’t even have to think... once you have
the augmentation).
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3 Data Augmentation (de-marginalization) by 4 exam-

ples

• Idea:

– p(β) is hard to simulate.

– Find joint distribution so that

p(β) =

∫
p(β, ω)dω

and
p(β|ω) and p(ω|β)

are easy(er) to simulate.

– Gibbs sample.

3.1 Example 1: CDF method

• Albert and Chib [1993]

• σ(ψi) = Φ(ψi), Gaussian CDF.

• So {
P (yi = 1) = pi

pi = Φ(ψi), ψi = xiβ.

• Data generating “density:”

p(yi|ψi) = δ1(yi)Φ(ψi) + δ0(yi)(1− Φ(ψi)).

• De-marginalize:

Φ(ψi) =

∫ ∞
−∞

N(zi;ψi, 1)1(0,∞)(zi).

So

p(yi|ψi) =

∫ ∞
−∞

[
δ1(yi)1(0,∞)(zi) + δ0(yi)1(−∞,0)(zi)︸ ︷︷ ︸

1−1(0,∞)(zi)

]
N(zi|ψi, 1)dzi.

3



Thus

p(yi, zi|ψi) = p(yi|zi)p(zi|ψi)

=
[
δ1(yi)1(0,∞)(zi) + δ0(yi)1(−∞,0)(zi)

]
N(zi|ψi, 1).

• Augmented model: {
yi = 1{zi > 0}
zi = xiβ + εi, εi ∼ N(0, 1).

• Gibbs sample:

– p(β|z, y)→ Normal given normal prior.

– p(z|y, β) =
∏

i p(zi|yi, β) where

p(zi|yi, β) is truncated normal.

Check it out for yourself.

3.2 Example 2: Mixture of Normals

• Holmes and Held [2006]

• Goal: take intractable distribution and represent it as a mixture of normals.

• Previously no interpretation of ψi.

• Logistic regression:

– Same: P (yi = 1) = pi.

– Different:
ψi = log

pi
1− pi

(log odds scale)

iff

pi =
eψi

1 + eψi
.

• Play the same game... {
yi = 1{zi > 0}
zi = xiβ + εi, εi ∼ Lo(0, 1).

4



Lo is the logistic distribution.

p(β|zi, yi)?

• Andrews and Mallows [1974]

ε ∼ Lo(0, 1) ⇐⇒


ε ∼ N(0, ξ)

ξ = 4λ2

λ ∼ KS = Kolmogorov-Smirnov.

So

p(ε) =

∫ ∞
0

p(ε|λ)p(λ)dλ.

• Augmented Model 
yi = 1{zi > 0}
zi = xiβ + εi, εi ∼ N(0, ξi)

ξi = 4λ2
i

λi ∼ KS.

• Gibbs Sample: 
p(zi|yi, β, ξ) ∼ trunc. normal

p(β|y, z, ξ) ∼ normal

p(ξi|β, z, y) ∼ something tractable.

3.3 Example 3: Discrete Mixture of Normals

• Frühwirth-Schnatter and Frühwirth [2007, 2010].

• Logistic continued... {
yi = 1{zi > 0}
zi = xiβ + εi, εi ∼ Lo(0, 1).

• Approximate Lo using a mixture of normals:{
εi ∼ N(0, σ2

ri
)

ri ∼ MN(1, w).
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Then 
yi = 1{zi > 0}
zi = xiβ + εi, εiN(0, σ2

ri
)

ri = MN(1, w).

• The only thing that changes is that

p(ri|zi, β, y) = MN.

3.4 Example 4: “Laplace” Method

• Logistic continued...

•

p(yi|pi) ∝ pyii (1− pi)1−yi

=
( eψi

1 + eψi

)yi( 1

1 + eψi

)1−yi

=
eψiyi

1 + eψi

= eψi(yi−1/2)2−1/2 cosh−1(ψi/2).

So
p(yi|ψi) ∝ eψiκi cosh−1(ψi/2)

where κi = yi − 1/2.

• De-marginalize (via Laplace transform):

cosh−1(ψi/2) =

∫ ∞
0

e−ξiψ
2
i /2p(ξi)dξi

where ξi ∼ PG(1, 0). Then

p(yi|ψi) ∝ eψiκi
∫ ∞

0

e−ξiψ
2
i /2p(ξi)dξi

so
p(yi, ξi|ψi) ∝ eψiκi−ξiψ

2
i /2p(ξi).

So
p(y, ξ|β) ∝ eκ

′Xβ− 1
2
β′XΞXβp(ξ)

where p(ξ) =
∏
p(ξi).
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• Gibbs Sample:

p(β|ξ, y) ∝ p(β)eκ
′Xβ− 1

2
β′XΞXβ ← normal kernel.

p(ξi|y, β) ∝ e−ξiψ
2
i /2p(ξi)← PG(1, ψi).

ONLY ONE LAYER OF LATENTS!

• Data generating process: 
ξi ∼ PG(1, ψi)

yi ∼ Binom(1, pi)

pi = eψi

1+eψi

ψi = xiβ.

4 Aside: Expectation Maximization

Tangential, but a great opportunity to discuss EM, aka, a way to find the posterior mode.
Following Gelman’s red book.

We want argmax
β

p(β|y). We will assume everything is conditioned on y.

We have some sort of augmentation variable ξ. Then

p(β) =
p(β, ξ)

p(ξ|β)
.

Then
log p(β) = log p(β, ξ)− log p(ξ|β).

Think of these as functions of β and ξ.

Take the expectation over (ξ|βold):

log p(β) = Eξ|βold [log p(β, ξ)]− Eξ|βold [log p(ξ|β)].

Fact:
Eξ|βold [log p(ξ|β)] ≥ Eξ|βold [log p(ξ|βold)] for all β.

Thus if β satisfies
Eξ|βold [log p(β, ξ)] ≥ Eξ|βold [log p(βold, ξ)]
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then
log p(β) ≥ log p(βold).

In the Laplace transform method:

p(β, ξ) = c(y)p(β)eκX
′β− 1

2
β′X′ΞXβp(ξ).

So

Eξ|βold [log p(β, ξ)] =���
�log c(y)

quadratic form

{
+ log p(β)

+κX ′β − 1
2
β′X ′Eξ|βold(Ξ)X ′β

(((
((((

(Eξ|βold [log p(ξ)].

We can calculate E[ξi] using the MGF, i.e. the Laplace transform.

Then βt−1 → Eξ|βt−1(ξ)→ βt.

5 Dynamic Generalized Linear Models

Now our index is time.

5.1 The Old School Way

• West et al. [1985]

• Still: ψt = log pt
1−pt

• We will evolve filtered distribution of ψt by linear Bayes.

• Observation equation: P (yt = 1) = pt.

• Evolution equation: {
ψt = xtβt

βt = Gtβt−1 + ωt, ωt ∼ [0,W ].

• We only specify the first two moments!

• Just like DLM: once you understand how to do one update you are done.
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– Prior: βt−1|Dt−1 ∼ [mt−1, Ct−1].

– Evolution: βt|Dt−1 ∼ [at, Rt] where at = Gt−1mt−1 and Rt = Gt−1Ct−1G
′
t−1.

– Forecast: ψt|Dt−1 ∼ [ft, qt] where ft = xtat and qt = x′tRtxt.

– Update:

Now we get to specify a distribution. ψt|Dt−1 is the “prior” for the observation
of (yt|pt). The conjugate prior for pt is a Beta distribution. There is a one-to-one
relationship between (ft, qt) and (rt, st) so that

ψt|Dt−1 ∼ [ft, qt]

iff
pt|Dt−1 ∼ Beta(rt, st).

Use that to pick rt and st.

Hit the prior with the new observation and we have

pt|Dt ∼ Beta(r∗t , s
∗
t ).

Now go backwards to get
ψt|Dt ∼ [f ∗t , q

∗
t ].

This is exact in that once you specify that pt|Dt−1 is Beta, then everything follows
without any approximation.

However, we only have an approximate update to βt. We can use the distributions

ψt|Dt

and (
ψt
βt

)
|Dt−1 ∼

[(
ft
at

)
,

(
qt xtRt

Rtx
′
t Rt

)]
to update βt by linear Bayes to get an approximation of the two moments of βt|Dt.

5.2 Using data augmentation

• Instead of having a normal prior on β we now have a stochastic process “prior” for β.

• Just change ψi = xiβ to ψt = xtβt.
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• Probit: CDF.

– Augmented model: 
yt = 1{zt > 0}
zt = xtβt + εt, εt ∼ N(0, 1)

βt = Gtβt−1 + ωt, ωt ∼ N(0,W ).

– Gibbs:

∗ p(zt|βt, yt)← same.

∗ p({βt}|z)← FFBS.

• Logistic: mixture of normals.

– Augmented model: 

yt = 1{zt > 0}
zt = xtβt + εt, εi ∼ N(0, ξt)

βt = Gt−1βt−1 + ωt, ωt ∼ N(0,W )

ξt = 4λ2
t

λt ∼ KS.

– Gibbs: all the same, but

∗ p({βt}|z, ξ)← FFBS.

• Logistic: discrete mixture of normals.

– Augmented model: 
yt = 1{zt > 0}
zt = xtβt + εt, εtN(0, σ2

rt)

βt = Gt−1βt−1 + ωt, ωt ∼ N(0,W )

rt = MN(1, w).

– Gibbs: all the same, but

∗ p({βt}|z, r)← FFBS.

• Logistic: Polya-Gamma:
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– Look at posterior for β:

p({βt}|ξ, y) ∝ eκ
′Xβ− 1

2
β′X′ΞX′βp(β)

∝ e−
1
2

(z−Xβ)2p(β), where Ξz = κ

∝ p(z|β)p(β)

where {
zt = xtβt + εt, εt ∼ N(0, 1/ξt)

βt = Gt−1βt−1 + ηt, ηt ∼ N(0,W ).

So, again, we can just FFBS for β.
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