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Feature-Inclusion Stochastic Search for
Gaussian Graphical Models

James G. SCOTT and Carlos M. CARVALHO

We describe a serial algorithm called feature-inclusion stochastic search, or FINCS,
that uses online estimates of edge-inclusion probabilities to guide Bayesian model de-
termination in Gaussian graphical models. FINCS is compared to MCMC, to
Metropolis-based search methods, and to the popular lasso; it is found to be supe-
rior along a variety of dimensions, leading to better sets of discovered models, greater
speed and stability, and reasonable estimates of edge-inclusion probabilities. We illus-
trate FINCS on an example involving mutual-fund data, where we compare the model-
averaged predictive performance of models discovered with FINCS to those discovered
by competing methods.

Key Words: Bayesian model selection; Covariance selection; Hyper-inverse Wishart
distribution; Lasso; Metropolis algorithm.

1. INTRODUCTION

Gaussian graphical modeling offers a potent set of tools for shrinkage and regulariza-
tion of covariance matrices in high-dimensional problems. Yet inferring the conditional
independence structure of a random vector presents a substantial problem in stochas-
tic computation. These model spaces are usually enormous; p nodes in a graph mean
m = p(p — 1)/2 possible edges, and hence 2™ possible graphs corresponding to all com-
binations of individual edges being in or out of the model. Beyond p = 7, enumeration
becomes a practical impossibility, and yet there are substantial gains to be had by fitting
graphical models to far larger datasets—from portfolio selection problems with dozens or
hundreds of assets, to biological applications involving thousands of genes. This motivates
the development of accurate, scalable search methodologies that are capable of finding
good models, or at least distinguishing the important edges from the irrelevant ones.

One obvious candidate is the reversible-jump MCMC approach of Giudici and Green
(1999), which works well on very small problems—for example, four to six nodes. Yet
many authors express skepticism that MCMC is well-suited for problems that are even
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slightly larger; see, for example, Dobra et al. (2004), Jones et al. (2005), and Hans et al.
(2007). We share their concerns, and find little comfort in infinite-runtime guarantees when
MCMC is deployed in discrete model spaces of such size and complexity. As these and
many other authors note, assessing whether a Markov chain over a multimodal space has
converged to a stationary distribution is devilishly tough, and theoretical results exist only
for the smallest of problems (Woodard 2007). Even when state-of-the-art “mixing” tactics
are used—simulated tempering, parallel chains, adaptive proposal distributions—apparent
finite-time convergence can prove to be a mirage.

Two alternative classes of graphical model-selection procedures have arisen to sidestep
these problems: compositional methods and direct search.

Compositional methods exploit the fact that graphs are models for conditional inde-
pendence. They proceed by selecting a sparse regression model for each variable in terms
of all the others, and then cobbling together the resulting set of conditional relationships
into a graph to yield a valid joint distribution. Several methods for choosing each regres-
sion model are available, some based upon L 1-regularization (Meinshausen and Buhlmann
2006; Yuan and Lin 2007) and others based upon stepwise selection (Dobra et al. 2004).

Like MCMC, direct-search methods operate in the space of graphs rather than the space
of conditional regressions. Unlike MCMC, however, they abandon the goal of converging
to a stationary distribution—which may be unattainable, and is usually unassessable—in
favor of simply listing and scoring a collection of good models. (Typically the scores are
either Bayesian marginal likelihoods or posterior probabilities.) The two most prominent
search procedures are the serial Metropolis-based algorithm of Jones et al. (2005) and the
parallel Shotgun Stochastic Search of Hans et al. (2007).

Our goal in this article is to recommend an alternative search procedure that we call
FINCS, for feature-inclusion stochastic search. FINCS is a serial procedure that relies
upon constantly updated estimates of edge-inclusion probabilities in order to propose new
regions of model space for exploration, and incorporates a novel, efficient global move
based upon recent graph-triangulation algorithms. It is strongly related to the method rec-
ommended by Berger and Molina (2005) in the context of linear-model selection.

We first give background material on graphs and graphically constrained covariance
matrices in Section 2. Then in Section 3 we describe the FINCS algorithm in detail. The
remainder of the article compares FINCS to other search procedures, to MCMC, and to
compositional methods. These comparisons show FINCS to be superior on three objec-
tive criteria: stability, model scores, and predictive accuracy of models discovered. Section
4 and Section 5 describe these results on simulated problems at the lower (25-node) and
upper (100-node) ends of what might be considered moderate-dimensional. Then in Sec-
tion 6 we assess the predictive performance of models discovered using FINCS on a real
59-dimensional example involving monthly mutual-fund returns. We summarize our rec-
ommendations in Section 7.
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2. BACKGROUND AND MODEL STRUCTURE

2.1 NOTATION AND DISTRIBUTIONAL THEORY FOR CONSTRAINED COVARIANCE
MATRICES

An undirected graph is a pair G = (V, E) with vertex set V" and edge set £ = {(i, j)}
for some pairs (i, j) € V. Nodesi and j are adjacent, or neighbors, if (i, j) € E. Complete
graphs are those having (i, j) € E for every i, j € V. Complete subgraphs C C V are
called cliques; two cliques that overlap in a set S are said to have S as a separator.

A partition of a graph G into subgraphs (4, S, B) suchthat V' = AUB,S=ANBAB
is complete, and any path from a node in 4 to a node in B goes through the separator S is
called a decomposition. A sequence of subgraphs that cannot be decomposed further are
the prime components of a graph; if every prime component is complete, the graph is said
to be decomposable.

A Gaussian graphical model (Dempster 1972) uses such a graphical structure to de-
fine a set of pairwise conditional independence relationships on a p-dimensional normally
distributed vector x ~ N(0, X). With precision matrix Q = >~! elements x; and x j of
the vector x are conditionally independent (given the neighboring variables of each) if and
only if Q;; = 0. If G = (V, E) is an undirected graph representing the joint distribution
of x, Q;; = 0 for all pairs (i, j) ¢ E. The covariance matrix X lives in M(G), the set of
all positive-definite matrices having elements in X! set to zero for all (i, j) ¢ E.

The hyper-inverse Wishart distribution over a decomposable graph G is the unique
strong hyper-Markov distribution for ¥ € M (G) with consistent clique marginals that are
inverse Wishart distributed (Dawid and Lauritzen 1993). For a decomposable graph G,
writing (X | b, D, G) ~ HIWg (b, D) means two things. First, it means that the density of
¥ decomposes as a ratio of products over cliques and separators:

[Ipep P(Zp | b, Dp)

p(X|b,D,G)= ,

2.1)

where X ¢ is the submatrix of X corresponding to the variables in clique C. This factor-
ization holds if we assume, as in Dawid and Lauritzen (1993), that if S = P} N P, the
elements of X g are common in X p, and X p,.

Second, the HIW (b, D) distribution means that for each clique C, X¢ ~ IW(b, D¢)
with density

- 1 _
p(Zc | b, De) o< | 2|21 exp I—Etr (ECIDC) ] . (2.2)

Note that, while this is the marginal distribution for each clique-specific block of Z, there
are still dependencies across different cliques induced by shared variables.

In nondecomposable graphs, the presence of additional component-level restrictions
invalidates the closed-form density for X¢ in (2.2). Computing marginal likelihoods for
these structures requires approximating the normalizing constant of a nonconjugate distri-
bution, which rapidly becomes too onerous of a computational burden as dimension grows.
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Hence we restrict our attention to the much-simpler decomposable case and denote by G
the set of all decomposable graphs over a given number of nodes.

2.2 MARGINAL LIKELIHOODS FOR GRAPHS

Let X be the matrix of vector-valued observations concatenated by row, and let X’ X be
the sum-of-squares matrix (whose elements are assumed to be constrained, where relevant,
by a graph G). Using hyper-inverse Wishart priors for X, the marginal likelihood for G
can be expressed as the ratio of the prior to the posterior normalizing constant:

_up2 h(G.,b, D)

p(X|G)=Q@2r) WG.b. D"’

2.3)

where b is the prior degrees-of-freedom, D is the prior HIW location matrix, b* = b + n,
and D* = D + X’ X. The normalizing constant of a hyper-inverse Wishart distribution is
itself a function of the normalizing constants of its prime components and separators, with

(b+]P|=1)

-1
bHIPI-1
r,p|( 2 )
G+ISI=D) paisi—1) "] ’
+ -
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where ', (x) = aPP=D/4. Hle I'(x + (1 — j)/2) is the multivariate gamma function.
The marginal likelihood of a graph is necessary to compute the posterior edge-inclusion
probability for an edge (i, j):

1
HPEP ‘EDP

h(G,b, D) = 24

1
HSES ‘QDS

2.¢ li.jec - P(X | G)n(G)
2o PX |G (G)

qij = Pr(Q;; #0| X) = (2.5)
where 7 (G) is the prior probability of the graph. These in turn are useful for defining the
median probability graph: Gy = (V, Ey), where Ey = {(i, j) : qij > 0.5}. This is by
analogy with the median-probability linear model of Barbieri and Berger (2004).

In this article, we compute marginal likelihoods using the fractional-Bayes approach
of Carvalho and Scott (2007). Thus

—np2h(G, gn, gX'X)

PX16G)=0(X,g|G)=(2n) 1G.n XX)

(2.6)
with 4(G, b, D) defined as in (2.4), and for some suitable choice of g that is O(n~").
These marginal likelihoods are akin to using a set of g-priors (Zellner 1986) for doing
variable selection on each univariate conditional regression, and have a number of a desir-
able properties relating to the notion of information consistency, as defined by Liang et al.
(2007).

The other possibility for computing marginal likelihoods is to use the conventional
shrinkage prior found in, for example, Giudici and Green (1999), Dobra et al. (2004) and
Jones et al. (2005). The conventional prior sets £ ~ HIW(J, t/), with 6 = 3 giving X a
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finite first moment, and with 7 chosen to match the marginal variance of the data in order
to provide an appropriate scale for the prior (which is necessary to get reasonable results
in model-selection problems). This prior does give closed-form marginal likelihoods, and
indeed has been the prior of choice in many previous studies due to the lack of a reasonable
alternative.

Yet these priors tend to perform very poorly in contrast to the fractional prior, leading
to an unintuitively high level of uncertainty and an artificial flattening of modes in model
space. As Carvalho and Scott (2007) showed, this happens because the conventional prior
induces a set of ridge-regression priors on each univariate conditional regression, in con-
trast to the induced g-like priors of the fractional-Bayes approach. Zellner and Siow (1980),
among others, described why ridge-regression priors are suboptimal for variable selection,
suggesting the source of the problem for the conventional HIW (9, 7 I) prior in this context.

For this reason we primarily use the fractional prior, with the understanding that its
sharper characterization of model uncertainty will allow a fairer comparison of different
computing strategies. Note that g indicates the fraction of the likelihood used in training a
set of noninformative priors on {5 : G € G}. Here, we take the default value g = 1/n,
implying that a priori, the vector x has a marginal hyper-Cauchy distribution (Dawid and
Lauritzen 1993). More details on fractional Bayes factors can be found in O’Hagan (1995).

2.3 MULTIPLICITY-CORRECTION PRIORS OVER GRAPHS

Covariance selection is an implicit problem in multiple hypothesis testing, where each
null hypothesis corresponds to the exclusion of a single edge from the graph. This moti-
vates an edge-selection prior of the form

(G| r)=rk1 =)t (2.7)

for a graph G having k edges out of m possible ones. Note that if » is treated as a model
parameter to be estimated from the data, then this prior has an automatic adjustment for
multiple testing as the number of possible edges grows (Carvalho and Scott 2007; Scott
and Berger 2008). The resulting model probabilities yield very strong control over the
number of false edges admitted into the model, which typically remains bounded even as
the number of spurious tests grows without bound.

For choices of the prior distribution 7z () in the beta family,  can be explicitly marginal-
ized out to induce a set of prior model probabilities that will automatically create the right
multiplicity-correction behavior; see also Scott and Berger (2006). The default uniform
prior on r gives a marginal prior inclusion probability of 1/2 for all edges and yields model
probabilities of the form

7(G) x

®m -k 1 (m)_l 28

(m+1D@m)  m+1\k

for G have k edges out of m possible ones. There is proportionality rather than equality
here since the normalization constant involves the number of decomposable graphs on p



FEATURE-INCLUSION STOCHASTIC SEARCH FOR GAUSSIAN GRAPHICAL MODELS 795

nodes, which is typically unknown in practice.

We refer to this as fully Bayesian multiplicity correction to distinguish it from the
empirical-Bayes ideas explored in, for example, George and Foster (2000) and Cui and
George (2008) in the context of regression variable selection.

3. GRAPHICAL MODEL DETERMINATION

3.1 EXISTING METHODS
3.1.1 Markov-chain Monte Carlo

Giudici and Green (1999) popularized the use of MCMC for graphical models, im-
plementing a reversible-jump sampler (Green 1995) over all model parameters including
graphical constraints.

Jones et al. (2005) then considered a version of MCMC that eliminated the complexities
of reversible-jump by explicitly marginalizing over most parameters and working directly
with graph marginal likelihoods. This version of the algorithm makes one-edge moves
through graph space, accepting proposed moves with probability

. ( p(G’)h(G|G’))
a=min| 1 >

3.1
PG| G) ©-1)

where p(-) is the posterior probability of the graph (available in closed form due to conju-
gacy assumptions), and % (+) is the proposal probability.

Another obvious MCMC algorithm to apply to graphical models is Gibbs sampling,
whereby each edge indicator variable in turn is sampled conditional upon all the others.
This is the graphical-model equivalent of the SSVS procedure described by George and
McCulloch (1993) for linear models, and we might call it stochastic-search edge selection.
Yet this algorithm, despite being a true MCMC with demonstrable theoretical convergence
to a stationary distribution, does not receive any attention in the literature. This is perhaps
explained by its tendency to miss very large modes in model space, as we demonstrate in
the following sections.

3.1.2 Metropolis-Based Stochastic Search

In practice, the Metropolis criterion is less useful as an MCMC transition kernel, and
far more useful as a search heuristic for finding and cataloguing good models. This is true
for two reasons.

For one thing, guaranteeing ergodicity of the Markov chain requires that each step in-
volve a costly enumeration of all possible one-edge moves that maintain decomposability
(which in general will not be symmetric). If this fact is not accounted for, then the pro-
posal densities /(-) in (3.1) will be wrong, and the chain will not converge to a stationary
distribution. This enumeration is possible, but costly (Deshpande et al. 2001).

The more important reason, however, is the lack of MCMC convergence diagnostics
on such complex, multimodal problems. The model spaces are simply too large to trust
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the usual rules of thumb, and it makes little sense to evaluate models by their frequency of
occurrence in a Monte Carlo sample when we can simply list the best ones instead. Hence
it is best to view the Metropolis algorithm as a tool for stochastic search, and not as true
MCMC.

We note one recent advancement, also described by Jones et al. (2005) and devel-
oped further by Hans et al. (2007), called Shotgun Stochastic Search (SSS). It powerfully
exploits a distributed computing environment to consider all possible local moves in par-
allel at each step, moving to a new model in proportion to how much each possible move
improves upon the current model. Yet for those who only have access to serial comput-
ing environments, evaluating all possible neighbors of a given graph may be prohibitively
time-consuming.

3.1.3 Compositional Methods

In compositional search, one first defines the neighborhood ne (i) of each node by fitting
a single sparse regression model of x; upon a subset of {x; : j # i}. Dobra et al. (2004)
performed a Bayesian selection procedure to get each neighborhood, while Meinshausen
and Buhlmann (2006) and Yuan and Lin (2007) used variants of the lasso (Tibshirani 1996).
Regardless of the variable-selection method used, the resulting set of regressions implicitly
defines a graph.

Such procedures do not, in general, yield a valid joint distribution: often i € ne(;) but
j ¢ ne(i), which is impossible in an undirected graph. There are two ways of proceeding to
a valid edge set £, which we call (for obvious reasons) the AND graph and the OR graph:

AND graph: (i, j) € E ifi € ne(j) A j € ne(i)
OR graph: (i, j) € E ifi e ne(j) vV j € ne(i)

Each edge set must then be triangulated to yield decomposable graphs. It is easy to
see that £, C Ev. There is no principled way to decide which edge set to use in prac-
tice, though Meinshausen and Buhlmann (2006) gave conditions under which the two will
converge to the same answer asymptotically.

Note that defining a graph by composition also involves a (possibly difficult) search
procedure, since each sparse regression model must be chosen from 27 possible candidates.
Lasso does not involve an explicit search over models, but the L 1 penalty term that induces
sparsity is typically chosen by cross-validation, which often takes just as long when done
carefully.

3.2 FINCS: FEATURE-INCLUSION STOCHASTIC SEARCH

As an alternative, we present a serial algorithm called FINCS, or feature-inclusion
stochastic search, that combines three types of moves through graph space: local moves,
resampling moves, and global moves. Related to a simpler algorithm introduced by Berger
and Molina (2005) in the context of regression variable selection, FINCS is motivated by
a simple observation: edge moves that have improved some models are more likely to
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improve other models as well, or at least more likely to do so than a randomly chosen
move.

FINCS also recognizes the tension between two conflicting goals: local efficiency and
global mode-finding. Results from Giudici and Green (1999) and Wong et al. (2003) sug-
gested that pairwise comparisons for edge-at-a-time moves in graph space are much faster
than those for multiple-edge moves due to the local structure implied by the hyper-inverse
Wishart distribution. Both a graph’s junction tree representation and its marginal log-
likelihood can be updated quite efficiently under such local moves, which will affect at
most two cliques and one separator.

Yet we must also confront the familiar problem of multimodality, severely exacerbated
by the restriction to decomposable graphs. Each local move changes not only the graph it-
self but also the local topology of reachable space, opening some doors to immediate explo-
ration and closing others. The problem only gets worse as the number of nodes increases,
since the stepwise-decomposable paths in model space between two far-flung graphs be-
come vanishingly small as a proportion of all possible paths between them. The theory
guarantees that such a path always exists (Frydenberg and Lauritzen 1989), but it may be
very difficult to find.

These principles suggest that a sound computational strategy must include a blend of
local and global moves—Iocal moves to explore concentrated regions of good graphs with
minimal numerical overhead, and global moves to avoid missing important regions that are
not easily reachable from one another by a series of local moves that maintain stepwise
decomposability.

Motivated by these concerns, FINCS interleaves three different kinds of moves:

Local move: Starting with graph G;_1, generate a new graph G, by randomly choosing
to add or delete an edge that will maintain decomposability. If adding, do so in
proportion to §;;, the current estimates of edge-inclusion probabilities. If deleting,
do so in inverse proportion to these probabilities.

Resampling move: Revisitone of {G, G2, ... G,—1} in proportion to their posterior model
probabilities, and begin making local moves from the resampled graph.

Global move: Jump to a new region of graph space by generating a randomized median
triangulation pair, or RMTP. This can be done in three steps:

1. Begin with an empty graph and iterate through all possible edges once, inde-
pendently adding each one in proportion to its estimated inclusion probability
gi;. In general this will yield a nondecomposable graph G . A simpler varia-
tion involves deterministically choosing the median graph.

2. Compute a minimally sandwiching triangulation pair for G . This pair com-
prises a minimal decomposable supergraph GT O Gy along with a maximal
decomposable subgraph G~ C Gy, wherein no candidate edge can be added
to G~ or removed from G while still maintaining the decomposability of
each.
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3. Evaluate each member of the pair, and choose G; in proportion to their poste-
rior probabilities.

An RMTP move immediately transcends the limitations of stepwise-decomposable
moves, bridging nondecomposable valleys in model space with a minimal set of fill edges
and allowing the search to escape local modes. Several algorithms are available for com-
puting these inclusion-minimal triangulations and inclusion-maximal subtriangulations in
O (nk) time, where n is the number of nodes and £ is the number of edges in G . One
nice algorithm due to Berry et al. (2006) allows simultaneous computing of both G* and
G~ ; another can be found in Berry et al. (2004). It should be noted that these triangula-
tions are neither unique nor globally optimal, since computing a minimum triangulation is
a different (NP-complete) problem.

After each step, simply compute the posterior probability of G;, and use it (assuming
it has not been visited already) to update the estimated inclusion probabilities of all the
edges:

Szt lipeGe - POX | Gr) - 7 (Gi)
SHZ P(X | GR) - m(G)
It is important to emphasize that these inclusion probabilities §;; are simply a search
heuristic. There is no sense in which they “converge” to the true inclusion probabilities,

gij () = (3.2)

except in the trivial sense that FINCS will eventually enumerate all the models. Present
theory and computing technology simply do not allow any definitive statements about the
true inclusion probabilities in (2.5); hence the only unambiguous measure of a search pro-
cedure is: which models does it find, and how good are they?

The estimated inclusion probabilities nonetheless provide a useful summary of the
search, since one can tell just by glancing at them how important each edge seems to
be among the cohort of models discovered. They also help in assessing stability, since it
would be unwise to trust a procedure that yields highly volatile estimates under repetition.

3.3 DETAILS OF DATA STRUCTURES AND IMPLEMENTATION

FINCS, Metropolis, and Gibbs sampling were implemented in C++ on a 3.4 GHz Dell
Optiplex PC running Linux. Our object-oriented code makes extensive use of the Stan-
dard Template Library (STL) for representing the complicated data structures required by
graphical models, and uses the Newmat C++ matrix library for matrix operations.

Substantial gains in efficiency for the resampling step are possible by implementing
storage of previously visited models in a binary search tree (a map in the C++ STL) in-
dexed by model score. This requires normalizing model probabilities to (0, 1] and main-
taining a lower-dimensional representation of the empirical distribution of model scores
on that interval. We use a beta distribution for this purpose, whose parameters are updated
each time a substantial pocket of probability is found in model space. By drawing a score
from this beta distribution and then resampling the model corresponding to that score, re-
sampling can be done in log T time, where T is the current number of saved models. This
allows only approximate resampling, but experience suggests that it is far preferable to the
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costly linear-time step required by exact resampling (which is not, after all, a theoretical
requirement of the algorithm).

Subsequent local moves can also be greatly streamlined by saving a copy of the junction
tree for each graph so that it does not need to be recomputed upon resampling.

In our experience, a blend of 80-90% local moves with 10-15% resampling moves
seems to work well, with the remaining fraction devoted to global moves; these are most
effective when used sparingly due to the computational expense of triangulating the graph
and rebuilding the junction tree, which grows quite rapidly with dimension. It also seems
advisable to allow for an unusually long run of local moves following a global move. This
accounts for the fact that our global move can be expected to find other hills in the model
space, but is very unlikely to jump directly to the tops of those hills. A longer-than-normal
run of local moves following such a jump allows the search procedure to climb to the top,
thereby helping to solve the multimodality problem.

In larger problems, we also recommend initializing the search with a cohort of promis-
ing graphs for resampling, which can be done automatically and quite rapidly before begin-
ning the search. We have found that on small-to-moderate-dimensional problems such as
the 25-node example in Section 4, this step can safely be skipped, since FINCS converges
quite rapidly to the same answer regardless of the initial graph.

Finally, it is necessary to bound the inclusion probabilities away from 0 and 1 in order
to allow new edges to enter the picture. This is done by renormalizing the online estimates
for probabilities to (J, 1 — J) for some suitably chosen small value. Different choices of &
will either flatten or sharpen the choice of edges; a reasonable default choice in moderate-
dimensional problems is between 0.01 and 0.05.

C++ code implementing FINCS is available from the journal website, or from the au-
thors upon request.

4. A SIMULATED 25-NODE EXAMPLE

We begin by comparing FINCS with both Metropolis and Gibbs on the 25-node graph
in Figure 1. Only the first 10 nodes have any connectivity structure and so the remaining
15 are omitted from the diagram. This problem foregrounds two challenges: to find the
smaller 10-node graph embedded in the larger 25-node space, and to avoid flagging false
edges that follow from getting stuck in local modes. Data for the example is available from
the journal website.

The results of these comparisons are summarized in Figures 2, 3, and 4. Here we
use the global-move version of FINCS, which resamples an old model every 10 itera-
tions and makes an RMTP move every 50 iterations. “Gibbs” refers to stochastic-search
edge-selection, modeled after George and McCulloch (1993); “Metropolis” refers to the
random-walk stochastic-search algorithm of Jones et al. (2005).

Three questions are of interest:

1. Which search method finds the best collection of models, as measured by posterior
probability?
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Figure 1. True graph for the 25-node example. Since nodes 11 through 25 are unconnected, both to this subgraph
and to each other; they are omitted for visual simplicity.

2. Which search procedures are stable under repetition?

3. Are the estimated inclusion probabilities from FINCS and Metropolis intuitively
reasonable?

Figure 2 gives histograms of the best 1,000 models discovered during single long runs of
FINCS, Gibbs, and Metropolis. This decisively answers the first question: all of the top
1,000 models discovered by FINCS are more probable than the single best model discov-
ered by either Metropolis or Gibbs. Gibbs does particularly poorly here; its best model
was 11 orders of magnitude worse than the thousandth-best model discovered by FINCS.

Comparison of models discovered: 25-node example

S - Gibbs Metropolis FINCS
o
[Te] —
5\ ~
c
2 8-
o
[T
o _|
wn
o
| | | | | | |
-1495 -1490 -1485 -1480 -1475 -1470 -1465

Model log-posterior

Figure 2. Comparison of model-search algorithms on the 25-node example. These are the posterior probabilities
of the top 1,000 models found using Gibbs (10,000 iterations), FINCS (3 million iterations), and Metropolis (10
million iterations). The Gibbs and FINCS runs each had the same number of marginal likelihood evaluations.
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Figure 3. Standard errors (under 20 repetitions) of estimates for the 300 pairwise inclusion probabilities in the
25-node example.

Such large systematic differences were unexpected, and yet were very stable under re-
peated restarts, both from the same initial model and very different initial models. On this
example, FINCS always found better models than both Metropolis and Gibbs, and there
were always substantial gaps between the “worst of the best” discovered by FINCS and the
best discovered by either competing method.

To formally assess stability, we conducted 20 short runs of each algorithm, starting
from the null graph each time. (The run lengths were 2,000, 300,000, and 1 million for
Gibbs, FINCS, and Metropolis, respectively.) Each run yielded an estimate for all 300
pairwise inclusion probabilities. The standard errors of these estimates provide an excellent
proxy for stability, since highly variable inclusion probabilities indicate that the results of
a single run are untrustworthy.

Figure 3 shows the results of this exercise. The estimated inclusion probabilities for the
Metropolis algorithm are extremely unstable, displaying run-to-run standard deviations as
high as 40% for some edges. Indeed, these edges were estimated at 0% inclusion probabil-
ity in some runs and 100% in others, which is very unsettling behavior. Gibbs and FINCS,
on the other hand, were fairly stable, with estimated inclusion probabilities rarely differing
by more than 5% from run to run.

Finally, Figure 4 gives the estimated edge-inclusion probabilities for long runs of all
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Figure 4. Grayscale images of the estimated inclusion probabilities from each algorithm on the 25-node exam-

ple.
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three algorithms. As the above results foreshadow, Metropolis did quite poorly: it flagged
several false positives outside the 10-node subgraph, and missed many edges correspond-
ing to strong partial correlations. We conclude that Metropolis is uniformly dominated by
FINCS for problems of this size, since FINCS finds better models and is far more stable.

While it is easy to say that Metropolis gets the inclusion probabilities wrong, it is more
difficult to say whether FINCS gets them right. For both Gibbs and FINCS, there is very
strong rank-correlation (> 90%) between pairwise inclusion probabilities and pairwise
partial correlations, which suggests that both procedures are flagging important edges. And
as Figure 4 shows, FINCS does yield inclusion probabilities that are fairly close to those
given by Gibbs, with slight-but-systematic biases in favor of strong edges and against weak
ones (as might be expected, given the “expand about the modes” nature of the procedure).
We view these biases as rather minor given the enormous size of the model space—indeed,
both procedures give the same median-probability graph, and yield the same qualitative
conclusions.

The Gibbs inclusion probabilities do, of course, represent a true MCMC estimate, and
they meet the usual informal convergence criterion: after a very brief burn-in, they are
substantially the same run after run, regardless of the starting point. Readers willing to
trust the Gibbs estimates, therefore, are likely to conclude that FINCS gets things slightly
wrong here (though not nearly so wrong as Metropolis).

We are leery of trusting the Gibbs estimates, however, because of the evidence in Fig-
ure 2: the Gibbs inclusion probabilities, despite being highly stable under repetition, are
estimated without ever visiting a single model within 11 orders of magnitude of the best
model found by FINCS. This suggests that the usual convergence diagnostics may be mis-
leading. This is uncertain; it is certain, however, that the Gibbs sampler routinely misses
enormous pockets of probability in model space, and produces a demonstrably inferior list
of models.

In the absence of better theory or more trustworthy convergence diagnostics, it seems
imprudent to use the Gibbs answer when FINCS finds thousands of models that are each
tens of thousands of times more probable than any found by Gibbs. At worst, FINCS is
turning up the most likely models while giving a useful, albeit slightly biased, picture of
the inclusion probabilities. At best, it is the only algorithm providing summaries worth
trusting, since at least we know what we are getting when we list the best models we can
find.

5. A SIMULATED 100-NODE EXAMPLE

To assess the performance of FINCS on a bigger problem, we simulated a dataset of
size 250 from the correlation matrix of a stationary AR(10) process of length 100. This
represents a graphical model due to the block-diagonal form of the 100-dimensional preci-
sion matrix. We then ran FINCS-global, FINCS-local, and Metropolis 20 different times,
always starting from the null graph, and recorded the top marginal log-likelihood discov-
ered in the course of the search. Here, FINCS-local resamples a previously visited model
every five iterations. FINCS-global resamples every five iterations and performs a global
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Figure 5. 100-node example: Boxplots of the top marginal log-likelihoods discovered (y-axis) on 20 restarts of
3 different run lengths for the Metropolis (MH), FINCS-local (FL), and FINCS-global (FG) algorithms.

move every 1,000 iterations; each global move is followed by 100 local moves as described
in Section 3.3. Results are presented in the Figure 5, while runtime information is in Table
1.

To give a better sense of time efficiency, we performed two pairs of approximately
equal-time, moderate-length runs of Metropolis and FINCS-global on the same dataset.
One pair of runs started from the null graph with no edges, while another pair started from
an initial graph corresponding to a set of conditional regressions. Table 2 gives the top
marginal log-likelihoods discovered, along with runtime information for each search.

There are four lessons to take from these experiments.

First, our proposed global move is very helpful for escaping local modes in model
space. The overhead required to triangulate and compute a new junction tree means that
FINCS-global takes about twice as long as Metropolis for an equivalent number of steps,
implying that a single global move takes roughly the same amount of time as 1,000 lo-
cal moves for this 100-node problem. (This ratio gets steeper as the number of nodes in-
creases.) Yet the advantage conferred by this global move is clear; 10,000 iterations of
FINCS-global, for example, dramatically outperformed 20,000 iterations of Metropolis
despite taking about 25% less raw time on average.

Table 1. 100-node example: Mean (standard deviation) runtime for each algorithm.

Runtime in seconds
Iterations Metropolis FINCS-local FINCS-global

10,000 20.98 (0.58)  27.22 (1.00) 36.36 (2.96)
20,000 38.25(1.08)  62.86 (3.53) 68.03 (5.29)
50,000 99.28 (2.63) 15538 (5.12)  176.21 (14.42)
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Table 2. Marginal log-likelihoods of best models discovered from two different starting points. The guessed
graph corresponds to a set of conditional regressions (marginal log-likelihood of —5170.29 after tri-
angulation), where an edge (i, j) was flagged if x; yielded a z-statistic > 3.0 in absolute value as a
predictor of x; (or vice versa).

Algorithm Start Iterations  Time (s)  Best model
FINCS-global ~ Null graph 80,000 45890  —16897.32
Metropolis Null graph 220,000 456.70 —18689.34
FINCS-global ~ Guess (|z| > 3.0) 50,000  318.74 —3211.09
Metropolis Guess (|z| > 3.0) 110,000  334.72 —3330.84

The necessity of the global move becomes even clearer as we take more iterations
(¢t = 50,000 in the right panel of Figure 5). By 50,000 iterations, both Metropolis and
FINCS-local have leveled off as a result of getting stuck in local modes, whereas FINCS-
global has continued to climb at a rapid pace.

Second, there are stark differences in character between the posterior summaries yielded
by Metropolis and by FINCS. Metropolis acts essentially as a stochastic optimizer; in an
average run of 10,000 iterations, it visited fewer than 300 distinct models. FINCS, on the
other, both finds modes and expands about them, cataloguing many thousands of distinct
models (including hundreds that are nearly as good as best model found) in each run of
10,000 iterations. This yields a much richer summary of model space, more than compen-
sating for the marginal time penalty paid to store and resample models.

Third, no search algorithm, no matter how well tuned, can compensate for a poor start-
ing point on problems of this size. Even FINCS-global, despite being a very adept hill-
climber compared to other competing algorithms, takes a very long time to bridge the many
thousands of orders of magnitude between the unreasonable null graph and a reasonable
guess. This is very different from our 25-node problem, where the choice of initialization
did not matter at all.

Finally, even when a smart initial guess is supplied, FINCS still substantially outper-
forms Metropolis. Given the same amount of computing time, FINCS found models 119
orders of magnitude better than those found by Metropolis. While this looks small com-
pared to the 2,000 orders of magnitude separating the best models that each procedure
found in an uninitialized search, it still corresponds to a Bayes factor of 4.8 x 10°!—an
enormous improvement.

6. A REAL 59-NODE EXAMPLE: MUTUAL FUNDS

We now give a real 59-node example involving mutual-fund data; our goal is to com-
pare FINCS and Metropolis both to each other and to the lasso, a popular compositional
method. Data for the example is available from the journal web site.

Our example involves graphical-model selection for a set of 59 mutual funds in several
different sectors: 13 U.S. bond funds, 30 U.S. stock funds, 7 balanced funds investing in
both U.S. stocks and bonds, and 9 international stock funds. The example is motivated
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Figure 6.  Sum of squared errors in predicting missing values, 59-node mutual-fund example. Frac: fractional
marginal likelihoods. CP: marginal likelihoods under the conventional proper prior. Top: predictions under top
model. Avg: predictions under model averaging. We allowed 8 million iterations for Metropolis and 3 million for
FINCS. Runtimes were: FINCS-frac (12m, 21s); FINCS-cp (13m, 1s); Met-frac (27m, 46s); Met-cp (28m, 31s).

by the need for accurate, stable estimates of variances and pairwise correlations of assets
in dynamic portfolio-selection problems. Graphical models, as Carvalho and West (2007)
showed (also in Carvalho et al. 2007), offer a potent tool for regularization and stabilization
of these estimates, leading to portfolios with the potential to uniformly dominate their
traditional counterparts in terms of risk, transaction costs, and overall profitability.

A fair barometer of performance here is prediction, since we are including a non-
Bayesian technique (the lasso) for which there is no notion of the marginal likelihoods
and posterior probabilities used as measures in previous sections.

We split the 86-month sample into a 60-month training set (since we wish to com-
pare graphical estimates to the unrestricted 59-dimensional covariance matrix) and a 26-
month prediction set. We then used the training set to search for good models (using both
FINCS-global and Metropolis) and compute posterior means {3} under each of the 500
best models found during the course of the search. We then used these estimates to predict
observations in the 26-month validation set. In each month, we used the 56 “observed”
returns along with the estimated s to compute the conditional expectations of the re-
maining 3 “missing” returns (which are known in reality). (The numbers 56 and 3 were
chosen because we can enumerate all (539) = 32509 combinations of 3 unobserved assets,
thereby eliminating the possibility of error due to sampling.)

We performed these imputations using both search procedures along with two different
methods of computing graph marginal likelihoods: the fractional approach used on the
previous examples, and the conventional HIW(J, /) described in Section 2.2. We then
computed the lasso solutions using leave-one-out cross-validation to choose the L 1 penalty
term, an oft-recommended procedure in the penalized-likelihood literature. The predictions
of both the lasso-AND graph and the lasso-OR graph are included, along with those of the
MLE for the sake of comparison. Results include both the predictions of the top model
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discovered and the model-averaged predictions of the top 500 models.

The total squared-errors of these imputations are given in Figure 6. These results show
that FINCS leads to better predictions in less computing time than Metropolis, confirming
the trends seen on simulated data and bolstering our conclusion that FINCS is a better
default algorithm for characterizing model uncertainty.

Using fractional priors, we had to run Metropolis over twice as long as FINCS in or-
der to achieve a comparable sum of squared errors. An even larger discrepancy between
algorithms appears under the HIW(J, 7 /) prior, where Metropolis does 28% worse than
FINCS in mean-squared error despite running over twice as long. The known adverse
“mode-flattening” effect of the conventional prior (Carvalho and Scott 2007) appears to
hamstring the Metropolis algorithm far more than it does FINCS—a gap which narrows,
but does not close entirely, under the well-behaved fractional prior.

It is also interesting that three of the four Bayesian estimates beat the lasso-AND graph.
This is true regardless of whether one uses the top model or averages over the top 500 mod-
els, with the model-averaged version providing a 25% reduction in mean-squared error
compared to the best lasso solution. All four Bayesian models (with and without model-
averaging) beat the lasso-OR graph quite considerably—even the Bayesian procedure us-
ing the inferior prior and search algorithm. The two lasso graphs are also very different
from each other, meaning that the asymptotic guarantee that the two will converge to the
same answer is not especially helpful here. Without useful guidelines for choosing between
them, one could easily be hamstrung—that is, lose money—by choosing the vastly inferior
lasso-OR graph ex ante.

7. DISCUSSION

We have introduced a stochastic-search algorithm based upon a novel approach to com-
putation in Gaussian graphical models: using online estimates of inclusion probabilities
both to drive the choice of models to visit, and to guide a new form of global move in
graph space that allows escape from the local modes that tend to thwart other procedures.
Simulations suggest that FINCS outperforms Metropolis regardless of the problem size,
and regardless of the assessment metric. We have given general guidelines for setting the
frequency of resampling and global moves, but on large problems, some ad-hoc tuning of
these parameters, together with multiple restarts, may be necessary to yield optimal per-
formance.

We also find FINCS, and search procedures in general, to be more trustworthy in this
context than a pure MCMC method. Despite apparent convergence, Gibbs sampling has a
worrisome tendency to miss large, important parts of model space, calling its utility here
into question.

FINCS is a serial algorithm, yet gives reasonable answers on moderate-dimensional
problems that up to now have required parallel methods such as Shotgun Stochastic Search.
It therefore provides a crucial bridge between small problems for which Metropolis is
clearly adequate, and large problems for which no serial algorithm will be competitive.
It seems particularly well-suited to problems like the 59-node mutual-fund example of
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Section 6, where the predictive context naturally calls for Bayesian model averaging. In
this context, FINCS gives a demonstrably better cohort of models in substantially less
time than Metropolis, and is not nearly as susceptible to the mode-flattening effect of a
suboptimal model-selection prior on the covariance matrix.

FINCS also finds Bayesian models yielding much better predictions than the lasso, a
popular classical method often specifically lauded for its predictive optimality.

[Received October 2007. Revised May 2008.]
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