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Abstract
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fluctuations in expected returns over time.
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A large and growing literature links firm characteristics, such as valuation ratios, to expected

stock returns. While the evidence documented in this literature convincingly rejects the

CAPM, going beyond this rejection and interpreting alternatives has proven to be challeng-

ing. In particular, it is an open question whether the historical links between characteristics

and returns represent permanent economic forces that will continue to shape returns in the

future, or transitory forces that will gradually dissipate.

A case in point is the value premium. The historical tendency of value stocks to outper-

form growth stocks, shown by Fama and French (1992) and others, has weakened in the most

recent period. Yet as Fama and French (2021) point out, we cannot confidently conclude

that the value premium post-1991 is different than the value premium pre-1991. Although

the value premium is quite high in the early period, and is not statistically significant in

the latter period, the returns are sufficiently noisy that we cannot reject the hypothesis that

they are drawn from identical distributions.1

This paper examines the returns of characteristic-sorted portfolios through the lens of

a statistical model that allows expected returns to fluctuate over time. Our interpretation

is that these fluctuations are generated by persistent shocks that affect the structure of the

economy, investor beliefs, and capital allocated to arbitrage activity.2 Our main empirical

analyses apply this model to the returns of the value, investment, profitability, and size port-

folios studied in Fama and French (2015). As we show, accounting for persistent fluctuations

in expected returns influences the interpretation of these portfolios’ historical performance

as well as the forecasts of their future performance.

Our analysis provides three main contributions. First, we derive a simple closed-form for-

mula that adjusts the standard errors of unconditional expected return estimates to account

for persistent variation in conditional expected returns. Specifically, the model provides a

standard error adjustment that is a function of both the model-implied first-order return

1Another example of long-term fluctuations in characteristic-sorted portfolio returns is the strengthening
profitability effect, documented by Novy-Marx (2013).

2We provide further motivation for the theoretical underpinnings of our statistical model in Section 1.1.
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autocorrelation and the speed at which autocorrelations decay over time. Intuitively, a re-

turn process with higher and more slowly decaying autocorrelations is similar to having a

smaller number of independent observations, thus resulting in less precise expected return

estimates. As we show, this standard error adjustment can be substantial given plausible

model parameters. For example, standard errors nearly double, relative to the i.i.d. case,

with a one quarter return autocorrelation of 5% that decays with a half-life of five years.

Our model-based adjustment can be viewed as an alternative to the commonly-used Newey

and West (1987) procedure; however, we show that Newey-West adjusts standard errors too

little when return data are generated by our model.

Second, we estimate the full model, including the persistence parameters, using maximum

likelihood. The maximum likelihood estimates allow us to test competing hypotheses about

expected returns. We find that the magnitude of persistent variation is imprecisely estimated

for the value, investment, and profitability portfolios. Hypothesis tests fail to reject a wide

variety of plausible explanations for the historical returns of these portfolios, ranging from

i.i.d. returns with positive means to time-varying expected returns that fluctuate around zero

unconditional means. In contrast, the size portfolio exhibits strong return autocorrelation

that decays with a half-life of one to two years. Due to the significance of these persistence

fluctuations, the hypothesis that conditional expected returns are always zero is strongly

rejected for the size portfolio, despite its near-zero average historical performance.

Our first two contributions relate to tests of hypothesis about the process that generated

the historical return data. In contrast, investors in practice use historical return data to

make predictions about future return distributions. This Bayesian decision problem is the

focus of our third contribution. Specifically, we study the Bayesian inference problem of

an investor who combines prior beliefs about model parameters with the observed return

data on characteristic-sorted portfolios. We find that, given relatively agnostic prior beliefs

about model parameters, Bayesian investors infer large and persistent fluctuations in condi-

tional expected returns and thus chase performance trends. For example, because the value
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portfolio performed particularly poorly towards the end of the sample, Bayesian investors’

posterior of the conditional value premium in 2022 is close to zero. The profitability portfolio

exhibits the opposite pattern: because returns were stronger in recent decades, the posterior

for the conditional expected return in 2022 is higher than the posterior for the unconditional

expected return.

While we believe that our analysis of characteristic-sorted portfolios is novel, it builds

on a well-established literature that analyzes time-variation in the expected returns of the

aggregate market portfolio. For example, Ferson, Sarkissian, and Simin (2003) consider the

predictability of aggregate market returns using predictor variables such as price/dividend

ratios. They present simulations that show that OLS regressions can overstate the signifi-

cance of such relationships in finite samples when expected returns are persistent, even when

the Newey and West (1987) standard errors adjustment is used. Although our application is

different, our framework is similar and our standard error correction and maximum likelihood

estimation could also be applied in their setting.

Pástor and Stambaugh (2009, 2012) and Avramov, Cederburg, and Lučivjanská (2018)

also conduct Bayesian analyses of time-varying expected returns and, like us, find that the

priors about the return generating process substantially affect the posteriors about expected

returns. Our study differs from these papers in both application and focus. Specifically, our

analysis concerns characteristic-sorted portfolios rather than the aggregate market portfolio,

and we put greater emphasis on prior beliefs about persistence.3

We are aware of only two studies that use Bayesian methods to study characteristic-

sorted portfolio returns: Pástor (2000) and Smith and Timmermann (2022). In contrast to

our analysis, persistence plays no role in Pástor (2000) as expected returns are assumed to

be constant. Smith and Timmermann (2022) assume that there are occasional structural

breaks where return premia of all characteristic-sorted portfolios, as well as the market

3Other papers in the literature that employ Bayesian methods to study aggregate market returns in-
clude Kandel and Stambaugh (1996), Barberis (2000), Wachter and Warusawitharana (2009), and Johannes,
Korteweg, and Polson (2014).
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factor, change at the same time and then remain constant until the next structural break

occurs. Our approach complements Smith and Timmermann (2022) by examining continuous

variations in return premia that are specific to an individual characteristic-sorted portfolio.

Continuous variations also permit both standard error corrections for in-sample inference

and out-of-sample forecasting.

Finally, our analysis is related to the growing literature on factor momentum (see, for in-

stance, Lewellen (2002), McLean and Pontiff (2016), Avramov et al. (2017), Gupta and Kelly

(2019), Arnott et al. (2021a), and Ehsani and Linnainmaa (2022)). Studies in this literature

examine dynamic trading strategies involving several characteristic-sorted portfolios that are

designed to exploit relatively short-lived variations in these portfolios’ conditional expected

returns. In contrast, our primary focus is on longer-lived fluctuations in portfolio perfor-

mance. From a methodological perspective, we contribute to this literature by estimating a

model of persistent variation in returns.

The remainder of the paper is organized as follows. Section 1 describes our statistical

model of the return-generating process. Section 2 documents the historical return perfor-

mance and reduced-form autocorrelation tests for the four main characteristic-sorted portfo-

lios we study. Section 3 presents the frequentist estimations of the model. Section 4 presents

the Bayesian analysis. Section 5 concludes.

1. Statistical Model

Our empirical analyses of characteristic-sorted portfolios apply a statistical model in which

conditional expected returns exhibit persistent fluctuations. In this section, we first provide

a brief discussion of the theoretical motivation for our model. We then present the model

specification and describe the return patterns that the model generates.
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1.1. Model Motivation

In traditional asset pricing tests, such as tests of the CAPM, the null hypothesis is that

expected risk-adjusted returns are always zero – that is, at each point in time – not just

on average. Thus, under the null, returns are serially uncorrelated. As we discuss in the

Introduction, these tests, which appropriately assume independent residuals, convincingly

reject the CAPM.

To understand what causes these rejections, it is important to think more explicitly about

alternative hypotheses. Consider, for instance, behavioral explanations that attribute the

value premium to information processing biases such as overconfidence (Daniel, Hirsleifer,

and Subrahmanyam, 1998) or optimism (Shiller, 2000). As Shiller (2000) points out, time-

variation in investor optimism about new technologies (e.g., electrification in 1920s, or the

internet in late 1990s) may generate episodes in which growth stock are overvalued, followed

by reversals. Similarly, Altı and Titman (2019) develop a dynamic behavioral model in which

biased investor beliefs about the climate of disruptive innovations in the economy generate

cycles of both positive and negative conditional value premia. More generally, one would

expect the abnormal performance of characteristic-sorted portfolios to fluctuate over time,

depending on the state of the macroeconomy, structural and technological shocks, investor

composition, and the amount of capital allocated to arbitrage activity.4 Such fluctuations

are captured in the statistical model described below, which allows for not only deviations

in unconditional expected returns from the CAPM benchmark, but also allows for time-

variation in expected returns.

4Rational theories of characteristic-based return predictability can also generate persistent fluctuations in
expected returns. For instance, Gârleanu, Kogan, and Panageas (2012) and Kogan, Papanikolaou, and Stoff-
man (2020) provide theories where rational investors hold lower-returning growth stocks to hedge technology
shocks. One might expect the economic fundamentals that drive these rational explanations to fluctuate
over time, causing time-variation in the value premium.
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1.2. Model Specification

We assume that a time-series of zero-cost portfolio returns rt satisfies:

rt+1 = µt + εt+1, (1)

µt+1 = µ+ λ(µt − µ+ δt+1), (2)

where µt and µ are the conditional and unconditional expected returns, respectively. The

shocks to unexpected returns εt and the shocks to expected returns δt are i.i.d. and follow a

joint normal distribution with variances σε and σδ, respectively, and correlation ρ ∈ (−1, 1).5

We expect ρ to be negative, since positive shocks to expected returns, ceteris paribus, reduce

an investment’s value.6

The parameter λ ≥ 0 in Equation (2) determines the persistence of shocks to µt. To

facilitate interpretation of economic magnitudes, we express λ in our empirical analyses in

terms of the annualized half-life of shocks to expected returns, H:

H =
log(0.5)

log(λ)

1

N
, (3)

where N is the number of periods per year (e.g. four for quarterly data).

The econometrician does not observe µt, but can estimate it – along with other model

parameters – from the observed return realizations R = [r1, r2, . . . , rT ]′. Given parameters

5Conrad and Kaul (1988) use a similar specification but assume ρ = 0.
6In Equation (2) we multiply the shock δt+1 by λ so that returns are i.i.d. when λ = 0. With δt+1 outside

the parenthesis and λ = 0, cov(ri,t, ri,t−1) = ρσ2
δ , meaning that one would also need to assume ρ = 0 for

returns to be independent across time.
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Ω = [µ, λ, σε, σδ, ρ, ], R has the following mean and covariance matrix:

E(R|Ω) = µ, (4)

Cov (R|Ω) = Σ(Ω), Σ(Ω)i,j =


λ2σ2

δ

1−λ2 + σ2
ε if i = j

λ|i−j|
(
λ2σ2

δ

1−λ2 + ρσδσε

)
if i 6= j

. (5)

Equation (5) shows that shocks to both the expected and unexpected returns contribute to

the volatility of returns (the terms σ2
δ and σ2

ε , respectively). Note also that the covariance

between ri and rj decays at a constant rate λ as |i− j| grows.

1.3. Identification

The model is over-parameterized in the sense that multiple values of Ω lead to the same

predicted moments E(R|Ω) = µ and Cov(R|Ω) = Σ(Ω). To see this, consider the variance

and one-lag autocorrelation of returns:

σ2
r(Ω) = Var(rt) =

λ2σ2
δ

1− λ2
+ σ2

ε , (6)

γ(Ω) = Corr(rt+1, rt) = λ
λ2σ2

δ + (1− λ2)ρσδσε
λ2σ2

δ + (1− λ2)σ2
ε

. (7)

Using this alternative notation, and omitting ·(Ω) for brevity, the covariance matrix becomes:

Σi,j =


σ2
r if i = j,

λ|i−j|−1γσ2
r if i 6= j.

(8)

Inspecting Equation (8), we see that any two parameterizations Ω and Ω̃ which yield the

same λ, σr, and γ will result in the same covariance matrix Σ for returns.

To better understand identification in our model, note that we can use the sample mean of

returns to estimate the unconditional expected return µ (Equation (4)), and the average rate
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at which the covariance between ri and rj decays as |i− j| grows to estimate the persistence

parameter λ (Equation (5)). The identification problem arises because we have three other

model parameters to be identified (σε, σδ, and ρ), but only two other moments that can be

estimated: the variance of returns σ2
r in Equation (6) and the one-lag autocorrelation γ in

Equation (7).7 Intuitively, the identification problem arises because one cannot distinguish

between different channels that generate return variance and autocorrelation. An increase in

the volatility of expected return shocks σδ increases both return variance and autocorrelation,

but the same increases can also be generated from increases in the volatility of unexpected

return shocks σε and the correlation parameter ρ.

We address this identification problem in our frequentist analysis by estimating the four

moments θ = [µ, λ, σr, γ], which we can identify, rather than the full set of underlying

parameters Ω. In doing so, we apply the constraint that there must be a parameterization

Ω which is consistent with θ and satisfies σε > 0, σδ ≥ 0, λ ≥ 0, and ρ ∈ (−1, 1). The

identification problem does not arise in our Bayesian analysis because we compute a posterior

distribution for parameter values, which is unique given a set of priors and observed data,

rather than a single point estimate, which is not unique.

1.4. The Sign of Return Autocorrelations

Although our model can generate both positive and negative return autocorrelations,

negative autocorrelations of material magnitude tend to occur only when expected returns

exhibit very little persistence. Time variation in expected returns is a source of positive au-

tocorrelation because current and recent past returns have similar conditional expectations.

A negative return autocorrelation requires a negative correlation between realized returns

and changes in expected returns. However, unless shocks to expected returns are quickly

mean-reverting, the information in past returns about a single period’s change in expected

return is less relevant than the information about the ongoing level of expected returns.

7Note from Equation (8) that return covariances at longer lags do not provide any additional information
about the model parameters other than λ because all these covariance terms are scaled by γσ2

r .
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We can see this formally using Equation (7), which specifies the first-order return au-

tocorrelation γ as a function of λ, ρ, σε, and σδ. The first term in the numerator, λ2σ2
δ ,

represents the effect of persistent expected return variations and is always positive. The

second term in the numerator, (1−λ2)ρσδσε, represents the effect of the correlation between

shocks to expected and unexpected returns and is negative when ρ < 0. Comparing these

two terms, we see that the sign of γ is determined by the relative magnitudes of λ and

|ρσε/σδ|. In particular, when λ is close to one, as is the case for persistent variations that

motivate our analysis, γ < 0 only if σε/σδ is sufficiently large – that is, if shocks to expected

returns exhibit very little variation relative to shocks to unexpected returns.

In Appendix Table 1, we quantify how small λ (or, equivalently, the half-life H) needs to

be for /γ to be negative. We assume ρ = −1 to provide an upper bound on the prevalence of

negative autocorrelations, and consider various combinations of H and σε/σδ. We find that

materially negative γ values obtain only when H is half a year or less.

2. Characteristic-Sorted Portfolios

We apply our statistical model to study the portfolios that are formed by sorting stocks

based on value, investment, profitability, and size. We focus on these four characteristic-

sorted portfolios because they are the basis of the Fama and French (2015) five-factor model

and have been extensively studied elsewhere.

2.1. Data and Characteristic Definitions

We use data on the historical returns of characteristic-sorted portfolios from Ken French’s

website.8 Each portfolio combines a long position in a value-weighted portfolio of firms in

one extreme quintile of the characteristic with a short position in the other extreme.

The characteristics are defined following Fama and French (2015). Value is the ratio of

the book value of equity (Bi,y) to the market value of equity (Mi,y) as of the end of the prior

8http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html.
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fiscal year y. Investment is the growth rate in the book value of assets (Assetsi,y/Assetsi,y−1).

Profitability is revenues minus cost of goods sold, interest expense, and selling, general, and

administrative expenses in year y divided by book equity in year y − 1. Size is Mi,y.

In contrast to most of the literature, which examines the monthly returns of characteris-

tic sorted portfolios, we analyze quarterly returns. As we show in Appendix A, the monthly

returns of three of the four portfolios we study exhibit strong positive first-order autocorre-

lations.9 While these short-term autocorrelations are consistent with time-varying expected

returns, they could also be driven by lead-lag effects and other short-term microstructure

effects. To focus our analysis on longer-term autocorrelations driven by persistent variations

in expected returns, we estimate our model using quarterly returns.

Since the market risk premium is not our focus, we use market-neutral versions of each

portfolio’s returns throughout, calculated as:

rβ=0
i,t = ri,t − β̂i(rm,t − rf,t), (9)

where ri,t is the quarterly return of the long-short portfolio i, rm,t−rf,t is the quarterly excess

market return, and β̂i is the full-sample market beta. The average return and Sharpe ratio of

this market-neutral portfolio are equivalent to the alpha and information ratio, respectively,

of the underlying long-short portfolio.

2.2. Historical Performance of Characteristic-Sorted Portfolios

Table 1 summarizes the historical performance of the characteristic-sorted portfolios. The

value, investment, and profitability portfolios have annualized mean returns above 4% and

Sharpe ratios between 0.3 and 0.5, while the size portfolio’s mean return is close to zero.

Based on standard errors calculated under the assumption of i.i.d. returns, we strongly reject

9This is consistent with the evidence in Gupta and Kelly (2019) that 47 of 65 characteristic-based port-
folios have significantly positive first-order autocorrelation.
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the null hypothesis of zero expected returns for the first three portfolios.10

We also examine the historical performance of the portfolios in the first and second halves

of our sample period, 1963–1992 and 1993–2021. As discussed in McLean and Pontiff (2016),

Linnainmaa and Roberts (2018), and Fama and French (2021), the value strategy’s average

returns are smaller in the second half of the sample and are not statistically different from

zero. However, as emphasized by Fama and French (2021), the difference between the two

halves of the sample is not statistically significant.11

The investment, profitability, and size portfolios each show different return patterns

across subsamples. The investment portfolio’s returns are largely consistent over time and

statistically significant in both halves of the sample. The profitability portfolio follows the

opposite pattern as the value portfolio, performing better in the second half of the sample

than the first, though again the difference is statistically insignificant. The size portfolio has

small and statistically insignificant returns in both halves of the sample.

2.3. Predictive Regressions with Model-Simulated and Historical Data

As discussed in the Introduction, a number of studies document short-term autocorre-

lation in characteristic-sorted portfolio returns, or more generally analyze portfolio timing

strategies that are premised upon time-variation in expected returns. Before we estimate

our model, we present similar reduced-form regression analyses using both model-simulated

return data and historical returns of the four characteristic-sorted portfolios that we analyze.

Estimates of the autocorrelation structure for individual portfolios are inherently impre-

cise because realized returns are quite volatile relative to the plausible variations in expected

returns. Furthermore, autocorrelation estimates have a well-known downward bias in small

samples (Kendall, 1954; Marriott and Pope, 1954). To illustrate these issues, we first present

10We compute the i.i.d. standard errors by taking the standard deviation across simulated samples formed
by re-sampling historical data with replacement.

11Recent studies provide two potential explanations for the decline of the value premium: book value may
have worsened as a proxy for the value of assets in place (Choi, So, and Wang, 2021; Eisfeldt, Kim, and
Papanikolaou, 2022; Goncalves and Leonard, 2023), or a series of shocks may have widened the difference
in multiples between growth and value stocks (Israel, Laursen, and Richardson, 2020; Arnott et al., 2021b).
Both imply time variation in expected returns and thus are consistent with our model.
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autocorrelation estimates that we generate with model-simulated data samples under a va-

riety of assumptions about H and γ. In these simulations, we fix the model parameters

and generate 50,000 samples with 234 observations, which is the number of quarters in our

empirical sample.12 For each simulated return series, we estimate return autocorrelations

using regressions of quarterly returns on averages of returns over the previous L quarters:

rt = a+ bL

(
1

L

L∑
l=1

rt−l

)
+ εt. (10)

Panel A of Table 2 presents average values, as well as 95% confidence intervals, for the

regression coefficient b̂L across samples that are simulated under a variety of parametric

assumptions. Specifically, we consider (H, γ) combinations where the half-life of shocks H

equals 2.5, five, and ten years, and the first-order return autocorrelation γ equals 2.5%, 5%,

and 10%. For each parameterization we also compute σ̂sr, which denotes the volatility of the

annualized Sharpe ratio conditional on past returns. More specifically, σ̂sr is the volatility

of the conditional Sharpe ratio computed by an investor who knows the model parameters

and observes an infinite history of past return realizations, but not the realizations of the

conditional expected returns µt. As Table 2 shows, the volatilities of conditional Sharpe

ratios generated by these parameterizations are roughly comparable to the historical Sharpe

ratios of characteristic-sorted portfolios reported in Table 1.

The first row of Panel A in Table 2 reports the autocorrelation estimates when H = 0

and thus returns are distributed i.i.d. As expected, the average estimated autocorrelation

coefficients are negative due to the aforementioned downward bias: because the in-sample

mean is used to calculate the autocorrelation coefficient, the data appears to be mean-

reverting even when there is no true mean reversion. The bias is stronger for longer past

return windows because there is a smaller effective sample size.

12The remaining model parameters we use for the simulations are µ = 0 and σr = 7.57%, the standard
deviation of returns for the value portfolio. These choices have no effect on our results because autocorrelation
estimates from regressions with intercepts are invariant to linear transformations of rt.
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The other rows in Panel A of Table 2 show autocorrelation estimates when expected

returns exhibit persistent variation, i.e., H > 0 and γ > 0. Two observations emerge from

the reported estimates. First, the downward bias continues to affect autocorrelation esti-

mates even when expected returns are persistent, especially with longer past return windows.

Second and more importantly, the confidence intervals for the autocorrelation estimates are

quite wide and include negative values in every parameterization – even those with large γ.

Panel B of Table 2 presents estimates of Equation (10) for the historical samples of the

quarterly returns of the value, investment, profitability, and size portfolios. The first column

shows that all four portfolios have positive b4, indicating that past-year returns positively

predict next-quarter returns. The second and third columns show that longer past-return

windows have point estimates with varying signs.

We do not report standard errors or bias corrections in Panel B of Table 2 because Panel

A shows that both depend heavily on the magnitude and persistence of the variations in

expected returns. In most cases, the confidence intervals for different parameterizations in

Panel A include all of the point estimates in Panel B, which means that one cannot reject

any of the posited autocorrelation structures. Even economically large regression coefficients,

such as b̂20 = −0.30 for the investment portfolio, lie in the 95% confidence interval for every

parameterization from i.i.d. to H = 10 and γ = 5%.

For three out of the four characteristic-sorted portfolios, the autocorrelation estimates do

not reject any reasonable parameterization of our model. The size portfolio is the exception;

we convincingly reject the i.i.d. null in the regression with both the one-year and five-year

lags. In addition, in a pooled regression that combines the returns of the four portfolios, the

i.i.d. null hypothesis is rejected for one-year and five-year returns with p-values of 0.0% and

2.2%, respectively.13 In a pooled regression with only value, investment, and profitability,

we reject the i.i.d null with the one year lag with a p-value of 2.8%. The reason we can

jointly but not individually reject the null is that the coefficients for the value, investment,

13We conduct this test comparing the sum of the individual estimates from observed data to the distribution
of this sum in samples simulated under the i.i.d. assumption.
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and profitability portfolios are each above the average values in i.i.d. simulations, but not

by enough to reject on an individual basis.

3. OLS and Maximum Likelihood Estimations

As the previous section shows, the autocorrelation patterns observed in the historical returns

of characteristic-sorted portfolios are consistent with a range of assumptions about the mag-

nitude of persistent variation in conditional expected returns. In this section, we formally

analyze the impact of such variation within the context of our model using OLS regressions

and maximum likelihood estimations.

3.1. OLS Estimation With Model-Corrected Standard Errors

We start by estimating the unconditional expected return µ and its standard error using

OLS regressions of observed returns rt on a constant. The OLS estimate µ̂OLS is a consistent

estimator of µ, even when conditional expected returns vary, as in our model. The correct

standard errors for µ̂OLS depend on the covariance matrix of the residuals ψt = rt − µ.14

The typical approaches used to adjust standard errors are the White (1980) correction

for potential heteroskedasticity and Newey and West (1987), which corrects for both het-

eroskedasticity and autocorrelations up to a small number of lags. When expected returns

are time-varying and persistent, both of the standard approaches produce understated stan-

dard errors. The reason is that persistent variations in expected returns generate small but

long-lasting correlations in ψt that extend beyond the windows considered by Newey and

West (1987). Formally, our model generates the residuals

ψt = µt−1 − µ+ εt, (11)

which implies that ψt has long-lasting autocorrelation due to persistent variations in µt.

14We use ‘correct standard errors’ as an informal shorthand for the correct specification of the asymptotic
distribution of µ̂.
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As we show below, even if we extend the number of lags in Newey and West (1987) to

match or exceed the half-lives of shocks to expected returns, standard errors remain under-

estimated because the number of lags is too large a fraction of the observed time series for

the asymptotic results in Newey and West (1987) to hold.

If the first-order return autocorrelation γ and the half-life of shocks H are known, we can

correct the OLS standard errors for the resulting autocorrelation in the residuals ψt using

the structure of our model.15 Specifically, the standard error of µ̂OLS in this case is

SE(µ̂OLS) =

√
1′Σ1

T 2
(12)

=

(
σr√
T

)√
1 + 2γ

[
λT + T (1− λ)− 1

T (1− λ)2

]
.

In Equation (12), T is the number of observations, 1 is a T × 1 vector of ones, and Σ is the

covariance matrix of returns. The first line is the general formula for computing standard

errors with a known covariance matrix (see Section 4.5 of Cameron and Trivedi (2005)). In

our model, Σ is fully specified by γ and λ, as shown in Equation (8). Substituting from

Equation (8) results in the formula in the second line of Equation (12) after some algebraic

manipulation. Note that the first term in this formula, σr/
√
T , is the unadjusted OLS

standard error. Thus, the second term in square roots is the adjustment factor, which is a

function of T , γ, and λ. For large T , Equation (12) approximates to:

SE(µ̂OLS) ≈
(
σr√
T

)√
1 +

2γ

1− λ
. (13)

The standard error adjustments in Equations (12) and (13) can also be stated in terms of the

annualized half-life H instead of λ by substituting λ = 0.5
1
HN , which follows from Equation

(3), where N is the number of return observation periods per year.

15Note that the model structure can also be used to obtain Generalized Least Squares (GLS) estimates.
As detailed in Appendix C, we find that the GLS estimates differ only slightly from the OLS estimates for
the four characteristic-sorted portfolios we study.
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Table 3 shows how different assumptions about γ and H affect the standard errors of

unconditional expected return estimates. For comparison, we also report standard errors

that are adjusted using the Newey and West (1987) procedure with the number of lags

matching the half-life of shocks H. For the value, investment, and profitability portfolios,

we find that Newey-West standard errors differ very little from unadjusted standard errors.16

Newey-West standard errors are around 50% larger for the size portfolio, which is a reflection

of the stronger evidence of persistence for the size portfolio presented in Table 2.

In contrast to the Newey-West adjustment, model-implied standard errors that are com-

puted using Equation (12) tend to be larger for all four portfolios. The magnitude of this

adjustment depends on both H and γ. The adjustments to standard errors are relatively

small when expected return shocks are assumed to be quickly mean-reverting (H = 0.5

years). With more persistent shocks (H between 2.5 and 10 years), however, Table 3 shows

that model-implied standard errors are much larger. For instance, standard errors approxi-

mately double relative to their unadjusted counterparts when when H = 5 years and γ = 5%.

Overall, the results in Table 3 indicate that accounting for plausible magnitudes of persistent

variation in expected returns results in inferences about unconditional expected returns that

are materially less precise than inferences under the assumption of i.i.d. returns.

3.2. Maximum Likelihood Tests

This subsection presents maximum likelihood estimations of our model. In contrast to

the OLS regressions described in the previous subsection, maximum likelihood estimation

requires distributional assumptions, but allows us to estimate all of the model parameters.

In particular, we estimate, rather than assume, the model parameters that determine the

magnitude of persistent variations in expected returns.

As we mention in the Introduction, a model of returns with small but extremely persistent

autocorrelation is indistinguishable in finite samples from a model with i.i.d. returns. To

16In Appendix B, we show that Newey and West (1987) standard errors are downward-biased in samples
simulated using our statistical model. We also show that this bias is primarily due to the downward small-
sample bias in autocorrelation estimates.
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understand this, consider a parameterization where the unconditional expected return µ = 0,

the first-order autocorrelation γ is positive but small, and the half-life H is very large. In

this case, conditional expected returns can deviate substantially from zero since small shocks

accumulate over time. Yet, conditional expected returns exhibit little time variation within

a finite sample, thus resembling an i.i.d. process with a large (absolute) mean.

In reality, it is very unlikely that shocks to expected returns persist for several decades.

Given this, and the statistical power problem described above, the maximum likelihood

estimations we report below restrict the half-life parameter H to be less than or equal to 10

years. We also discuss the sensitivity of the results to this restriction.

3.2.1. Hypothesis tests for µ

We test the hypothesis that the unconditional expected return µ equals zero when returns

are assumed to be i.i.d., and alternatively when expected returns are allowed to be time-

varying. In each case, we estimate the model parameters using maximum likelihood twice;

first with no restrictions on µ and then under the restriction that µ = 0. We then use these

estimates to conduct a likelihood ratio test for the µ = 0 null.17

The first three columns in Panel A of Table 4 test the hypothesis that µ = 0 using model

specifications that do not admit any time variation in expected returns (i.e., where returns are

i.i.d.). Testing µ = 0 under this assumption is analogous to inference from OLS regressions

with no standard error correction. Not surprisingly, the likelihood ratio tests strongly reject

the hypothesis that µ = 0 for the investment and profitability portfolios, with p-values less

than 0.1%. For the value portfolio, the hypothesis is rejected with a p-value of 5%.

The next five columns in Panel A of Table 4 relax the i.i.d. assumption and estimate

the values of γ and H that maximize the likelihood of observing the historical data.18 We

17The small-sample downward bias in autocorrelation estimates discussed in Section 2.3 affects the max-
imum likelihood parameter estimates as well. To account for this bias, we compute the likelihood ratio
p-value using the distribution of likelihood ratios that obtains in finite-sample simulations of the model us-
ing parameters estimated under the null. The p-values that obtain with the asymptotic distribution of the
likelihood ratio, or the small-sample distribution simulated using IID samples, are available upon request.

18As discussed in Section 1.3, we estimate θ = [µ,H, σr, γ] rather than the underlying parameters Ω =
[µ, λ, σε, σδ, ρ, ] because the latter are not fully identified. We restrict the admissible values of θ to the range
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find that the estimate for the autocorrelation parameter γ is positive for all four portfolios,

ranging from 9.19% for investment to 14.02% for size. The estimate for the half-life parameter

H is about one year or less for all four portfolios.

Importantly, likelihood ratio tests fail to reject the null hypothesis that µ = 0 for any

of the four portfolios when expected returns are allowed to be time varying. For instance,

likelihood ratio p-values for the investment and profitability portfolios increase to 9.4% and

10.5%, respectively, which are in strong contrast with less than 0.1% in the i.i.d. case. Intu-

itively, admitting time-varying expected returns increases the likelihood that the historical

return performance of these portfolios during the sample period reflects higher than average

realizations of conditional expected returns.

It should be noted that under the µ = 0 null hypothesis, the estimated H for the in-

vestment and profitability portfolios equals 10 years; i.e., the limit we impose on H binds.

Given this, we also consider alternative limits on H to evaluate the robustness of the results

discussed above. We find that likelihood ratio p-values for these two portfolios are in fact

sensitive to the limit on H we impose.19 We consider implications of different beliefs about

H more formally in our Bayesian analysis in Section 4.

3.2.2. Hypothesis tests for H and γ

Next, we use maximum likelihood estimates to assess the plausibility of various hypothe-

ses for the magnitude of time variation in expected returns. Specifically, we consider the

assumptions on H and γ that we examined in Section 3. For each assumption, we re-estimate

the model while restricting H and/or γ to their assumed values, and calculate likelihood ra-

tios relative to the unrestricted model to test whether we can reject the restriction.

Panel B of Table 4 presents the results. For the value, investment, and profitability

portfolios, we find that none of the hypotheses on time-variation is strongly rejected: the

for which there exists at least one possible Ω yielding the same covariance matrix of returns as θ.
19Specifically, loosening the limit on H to 20 years results in p values of 14.3% and 19.3% for the µ = 0

hypothesis for the investment and profitability portfolios, respectively, while tightening the limit on H to
five years results in p-values of 1.2% and 4.3%.
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likelihood ratio p-values for the hypothesized restrictions all exceed 5% and are often greater

than 10%. Historical returns of these portfolios are consistent with no time-variation (i.e.,

i.i.d. returns), as well as large and persistent variation in expected returns.

While the results for the value, investment, and profitability portfolios suggest that the

historical data offer little guidance about the magnitude of time-variation in expected returns,

the results for the size portfolio show that this is not always the case. Consistent with the

reduced-form evidence in Table 2, the estimates for the size portfolio in Table 4 point to

strong positive autocorrelation in returns that decay with a half-life between one and two

years. As a result, the likelihood-ratio tests strongly reject the i.i.d. hypothesis, while also

rejecting H ≥ 5 with p-values less than 10%.

Importantly, the rejection of the i.i.d. hypothesis implies that the size portfolio returns

deviate significantly from the CAPM benchmark. In contrast, traditional asset pricing tests,

which solely focus on average returns and ignore time variation, fail to reject the CAPM

for the size portfolio, since the portfolio’s historical average performance is close to zero

(see Table 1). Thus, by ignoring time variation in expected returns, traditional tests may

generate not only false positives too frequently (rejecting µ = 0 when in fact returns exhibit

persistent variation around zero unconditional means), but also false negatives too frequently

(failing to reject the CAPM when in fact conditional expected returns deviate from it).

3.2.3. Sample Size and Test Power

The results in Table 4 indicate that inferences from historical data about H and γ are

generally quite imprecise. Furthermore, the precision of inferences about µ crucially depend

on H and γ. A natural question then is how large the sample of returns needs to be to

obtain more precise parameter estimates. This subsection presents simulations that address

this question.

Specifically, we simulate random samples of varying lengths for two different parameter-

izations of our model: one where returns are i.i.d., and the other with a persistent process
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where H = 5 years and γ = 5%. In both parameterizations we assume that the uncondi-

tional expected return µ = 5% and the annualized return volatility σr = 15%. For each

simulated sample, we estimate the model with maximum likelihood and test the hypothesis

that µ = 0. We also test the ‘opposite’ hypothesis about persistence (i.e., the hypothesis

that H = 5 years and γ = 5% when the true data generating process is i.i.d., and the

i.i.d. hypothesis when the true data generating process has H = 5 and γ = 5%). In these

hypothesis tests using likelihood ratios, the econometrician does not know the true data gen-

erating process and has to estimate the model exactly as we do in Table 4. The results are

summarized in Figure 1, which plots the fraction of simulated samples in which the tested

hypothesis is rejected with a p-value of 5% or less.20

Panel A of Figure 1 shows the rejection rates for the µ = 0 hypothesis. With 50-year

samples, which is close to the length of the historical sample, the rejection rate for µ = 0 is

around 70% when the true data generating process is i.i.d. Thus, there is a 30% chance that

one would fail to reject µ = 0 with 50 years of data despite the fact that µ = 5%. When the

return data are generated by the persistent process, the failure to reject µ = 0 becomes even

more acute, with only about 37% of samples rejecting. Longer samples allow i.i.d. samples

to converge to the true values relatively more quickly: with 200 years, more than 95% of the

samples reject µ = 0. In contrast, reaching a similar rejection rate requires 800 years when

returns are generated by the persistent process.

Panel B of Figure 1 shows the rejection rates for hypotheses about the magnitude of

persistent variation in returns. The i.i.d. and the persistent return processes that generate

the simulated data are quite different from each other in terms of the economic interpretation

of the model. Yet there is little power to distinguish between them with 50 years of data:

only about 40% (20%) of the samples reject the persistent (i.i.d.) process when returns are in

20Obtaining small-sample p-values using the restricted parameter estimates (i.e., similar to those reported
in Table 4) for the analysis in Figure 1 is not feasible due to computational cost. For this reason, the analysis
in Figure 1 is based on p-values that obtain with asymptotic likelihood-ratio distributions. We note that the
sample lengths considered in Figure 1 (i.e., several hundred years) mitigate the concern about the reliability
of asymptotic p-values.
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fact i.i.d. (persistent). As the figure shows, reliably distinguishing between these alternative

return generating processes requires at least 400 years of data.

4. Bayesian Analysis

Our results in the previous section suggest that given the possibility of persistent variation

in expected returns, reaching precise conclusions about model parameters may require a

longer time series than is available. This does not imply, however, that data from shorter

samples are uninformative. As Kandel and Stambaugh (1996), Wachter and Warusawitha-

rana (2009), and others have observed, Bayesian investors will use data, in combination with

their priors, to inform their beliefs about the return generating process even if statistical

tests of data do not reject null hypotheses at conventional significance levels. Therefore, a

natural next step for our analysis is to ask how investors with different prior beliefs interpret

historical data, and how this in turn influences their investment decisions. We examine these

normative questions in this section by conducting a Bayesian analysis which delivers pos-

terior distributions for both model parameters and moments that affect investors’ portfolio

timing decisions, such as the conditional Sharpe ratios at each point in time.

4.1. Prior Beliefs About Model Parameters

To facilitate economic intuition, our Bayesian analysis specifies prior beliefs on a transfor-

mation of the model parameters expressed in terms of annualized Sharpe ratios rather than

expected returns.21 Specifically, we specify priors over µsr, the unconditional Sharpe ratio of

portfolio returns; σr, the volatility of portfolio returns; H, the half-life of shocks to expected

returns; σsr, the volatility of conditional Sharpe ratios; and ρ, the correlation between unex-

pected and expected return shocks. The mapping between these annualized parameters and

the underlying model parameters Ω = [µ, λ, σε, σδ, ρ, ] is given by the following equations,

21Another advantage of this transformation is that the same Sharpe ratio priors can be applied across all
characteristic-sorted portfolios regardless of their volatility levels.
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where N = 4 is the number of periods per year:

µsr =
µ

σε

√
N, σr =

√(
λ2σ2

δ

1− λ2
+ σ2

ε

)
N, (14)

H =
log(0.5)

log(λ)

1

N
, σsr =

√(
λ2σ2

δ/(1− λ2)
σ2
ε

)
N, ρ = ρ.

We consider a variety of priors on µsr and H, which are summarized in Panel A of Table

5. For µsr, we first consider normal prior distributions centered at −0.4, 0, and 0.4, all

with a standard deviation of 0.4.22 For the value portfolio, these three investors can be

viewed as having growth, neutral, or value inclinations, respectively. We also examine an

uninformative prior where µsr is distributed uniformly between −2 and 2.23

To illustrate how prior beliefs about H influence Bayesian inferences about expected

returns, we consider three dogmatic priors and one agnostic prior. The dogmatic priors

assert that H = 0 (making returns i.i.d.), H = 2.5 years, or H = 5 years with certainty. The

agnostic prior views H as unknown and uniformly distributed between 0 and 10 years.

We consider uniform priors over wide ranges for the remaining parameters. The prior

for the volatility of annual returns, σr, is uniformly distributed between 10% and 20%. The

prior for the volatility of conditional Sharpe ratios, σsr, is uniformly distributed between

0 and 1. The correlation between unexpected and expected return shocks, ρ, is likely to

be negative given the inverse relation between prices and expected returns. In contrast to

aggregate market returns, however, characteristic-sorted portfolio returns should be driven

primarily by cash-flow news rather than discount rate news. Based on these observations,

we specify the prior on ρ to be uniformly distributed in the interval [−0.5, 0].

To provide intuition for economic magnitudes, Panel B of Table 5 reports summary

statistics for a number of moments that are implied by the priors specified in Panel A. We

22We use ±0.4 as the center for the unconditional Sharpe ratio distributions to roughly match the US
equity market’s estimated annual Sharpe ratio.

23Uniform distributions over wider supports give nearly-identical results because the data strongly reject
unconditional Sharpe ratios above 2 or below −2 for for the portfolios we study.
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calculate these moments by simulating 50,000 draws from each prior and calculating the

value of each moment implied by each parameter draw. The first set of columns shows

that µ, the unconditional expected return, has a prior mean that equals −5.3%, zero, or

5.3%, depending on the prior specification. The middle set of columns show that the prior

mean values of one-lag return autocorrelation, γ, are positive in all cases, indicating that the

positive effect due to persistence of expected returns typically outweighs the negative effect

due to ρ < 0, although the 95% confidence intervals do include negative values.

The parameter σsr governs the volatility of the true conditional Sharpe ratio, defined as

the conditional expected return µt in Equation (2) divided by the volatility of unexpected

return shocks σε. This Sharpe ratio is unlikely to be perfectly observable to investors in

practice. If an investor forecasts expected returns based on past return realizations, combined

with his beliefs about the model parameters, then the relevant measure of the time variation

in conditional Sharpe ratios is σ̂sr, defined earlier in Section 2.3. The last set of columns in

Panel B in Table 5 report summary statistics for σ̂sr for each prior specification we consider.

Note that, while the Sharpe ratio conditional on past returns can be quite volatile, it is not

as volatile as the unobserved conditional Sharpe ratio. In particular, both the means and

the 95% confidence intervals for σ̂sr are about half as large as those for σsr.

4.2. Posteriors for Unconditional Expected Returns and Sharpe Ratios

We compute posterior distributions given each (H,µsr) prior specification and each of the

four characteristic-based portfolios, resulting in 64 prior-data pairs. For each pair, we char-

acterize the posterior distributions by generating 50,000 posterior draws using the M.C.M.C.

procedure detailed in Appendix D. We compute the posterior distributions for the full pa-

rameter vector Ω, but for brevity we report the results only for a subset of parameters and

moments that are of economic interest.

The results are summarized in Table 6, which reports summary statistics for the posterior

distributions of a number of model parameters and moments, and Figure 2, which plots
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summary statistics for posterior distributions of µsr in the black lines on the left. As the

table and the figure show, different priors about H result in substantially different posterior

beliefs about unconditional expected returns µ and Sharpe ratios µsr. For instance, the

95% confidence intervals for µ and µsr become wider as priors for H increase, making the

possibility of zero or negative unconditional expected returns much more likely. The intuition

for this result is the same as in the frequentist analysis above: the data do not strongly reject

the possibility that the historical return performance of characteristic-sorted portfolios is

explained by persistent but dissipating positive shocks to conditional expected returns.

The Bayesian analysis also produces an insight that is distinct from the frequentist anal-

ysis: the extent to which priors about µsr affect posteriors about µ and µsr depends on the

prior about H. Bayesian investors who believe H = 0 have similar posteriors about µ and

µsr despite large differences in priors. On the other hand, Bayesian investors whose priors

are that H is, or might be, large have substantial differences in their posterior beliefs about

µ and µsr despite observing 58 years of data. For example, means of posteriors about the

value portfolio’s µsr are clustered between 0.19 and 0.27 for the H = 0 prior, but vary from

0.11 to 0.27 for the H ∼ U(0, 10) prior.

The reason the sensitivity of posteriors to priors for µsr depends on H is that Bayesian

investors ‘shrink’ observed in-sample average returns towards the mean of their priors, and

the extent of this adjustment depends on H. If an investor believes H equals zero and thus

returns are i.i.d., the data are more informative about unconditional expected returns and

thus the posterior hews closer to the in-sample average. If the investor believes H is or

may be larger than zero, the return data are less informative about unconditional expected

returns and so the posterior depends more on the prior.

Table 6 also shows that the posterior distributions for H, γ, and σ̂sr for the value, invest-

ment, and profitability portfolios differ very little from the corresponding prior distributions

reported in Table 5. This finding is consistent with the evidence in Tables 2 and 4 that the

data offer little guidance on the autocorrelation patterns of these portfolios. The size port-
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folio, by contrast, has posterior distributions for H with means well below the prior mean of

five years, indicating that the data push Bayesian investors towards lower H. Furthermore,

unlike the other three portfolios, the posteriors for size portfolio’s γ and σ̂sr have much

higher means compared to priors and confidence intervals that exclude zero, indicating that

the evidence tilts in favor of positive autocorrelation. Still, posteriors for the size portfolio’s

H, γ, and σ̂sr are quite wide, leaving room for many potential interpretations of the data.

Just as priors about persistence affect posteriors about unconditional expected returns,

priors about unconditional expected returns also affect posteriors about persistence. For

example, investors with negative priors on µsr are more amenable to interpreting positive

historical returns as arising from large and persistent variations in conditional expected

returns – i.e., higher posteriors for H, γ, and σ̂sr – relative to investors with positive priors

on µsr. Table 6 shows this is indeed the case for the value, investment, and profitability

portfolios, which exhibit positive average return performance during our sample period.

4.3. Posteriors for Conditional Sharpe Ratios

In addition to unconditional expected returns and Sharpe ratios, the Bayesian analysis

allows us to compute posterior distributions of conditional Sharpe ratios at each point in time

during our sample period.24 Figure 3 plots the time series of posterior means of these condi-

tional Sharpe ratios that obtain with the ‘agnostic’ prior specification with µsr ∼ U(−2, 2)

and H ∼ U(0, 10) for the four characteristic-sorted portfolios we study. As the figure shows,

the fluctuations in conditional Sharpe ratios are large, generally varying between zero and

0.8 on an annualized basis. Despite having unconditional Sharpe ratio estimates near zero,

the conditional Sharpe ratios of the size portfolio are especially volatile, varying from −0.75

to above one. These relatively larger fluctuations are a reflection of the more positive return

autocorrelations that the size portfolio exhibits during our sample period.

24The conditional Sharpe ratio distributions reported in this subsection are the posterior beliefs that
obtain after observing the full historical sample of return data. Thus, the magnitudes should be interpreted
as measuring in-sample economic significance rather than informing real-time portfolio choices. We consider
out-of-sample portfolio choices in Section 4.4.
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We also compute posterior distributions of forward-looking conditional Sharpe ratios for

the quarter following the end of our sample period (Q1 of 2022). These posteriors differ

from the unconditional posteriors because they rely on recent trends to extrapolate future

performance. When γ > 0, the extrapolation is positive, meaning that conditional expected

returns are higher (lower) than unconditional expected returns when recent returns are higher

(lower) than the full-sample average. When γ < 0, the extrapolation is negative, meaning

that conditional expectations are inversely related to recent trends.

The grey lines on the right in Figure 2 present the means and 95% confidence intervals

for posterior beliefs about the 2022 conditional Sharpe ratio of each portfolio. As the first

rows show, conditional and unconditional Sharpe ratios are by definition the same when

H = 0. When H > 0, however, both the value and investment portfolios have smaller

conditional Sharpe ratios compared to their unconditional Sharpe ratios. For the value

portfolio, which had particularly poor recent performance, the pessimistic or neutral Bayesian

investors believe that the conditional Sharpe ratios in 2022 are centered near zero and could

even be quite negative. Because the profitability portfolio performed better in recent years

than earlier in the sample, we find the opposite effect in Panel C of Figure 2: posteriors

about 2022 Sharpe ratios are higher than posteriors about the unconditional Sharpe ratio.

As with the bearish view of value and investment, the bullish view for profitability is stronger

for larger values of H than smaller ones.

4.4. Out-of-Sample Return Forecasts

In our final analysis, we consider the out-of-sample (OOS) forecasting problem from the

perspective of an investor whose beliefs about the distribution of future portfolio returns are

influenced by his prior beliefs as well as past return data. To facilitate this analysis, we repeat

the Bayesian estimation procedure at the end of each calendar year in our sample, using only

past data available up to that point in time. This expanding-window OOS approach allows us

to quantify how different prior beliefs about persistence and unconditional expected returns

affect Bayesian investors’ portfolio choices over the sample period.
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For each calendar year y in our sample, starting 10 years after data become available for

a given portfolio, we calculate posterior belief distributions about model parameters based

on the quarterly data available through y and given a subset of the prior beliefs described

in Section 4.1.25 Next, we generate 50,000 random draws from the posterior parameter

distribution and for each parameter draw, generate 10 random observations from the implied

return distribution for the next-year. Given these draws, we compute OOS forecasts for

average returns r̂i,t ≡ Et(r̃i,t+1→t+4).

Figure 4 illustrates how different priors about H affect inferences about r̂i,t for the value,

investment, profitability, and size portfolios. The solid black and gray lines plot the forecasts

made by an investor with a bullish prior (µsr ∼ N(0.4, 0.4)) and an investor with a neutral

prior (µsr ∼ N(0.0, 0.4)), respectively, where both investors believe H = 0. The dotted

lines in Figure 4 show the forecasts made by an investor who accounts for the possibility of

persistent variations in returns (H ∼ U(0, 10)) and has a neutral priors about µ.

The main result in Figure 4 is that the investor with H ∼ U(0, 10) priors (dotted line)

uses recent past returns to aggressively ‘time’ their forecast. This investor’s forecasts for

annualized returns range between approximately −2% and 8% for value, investment, and

profitability, and -12% and 10% for size. Variations of this magnitude would result in large

changes in optimal portfolio weights given standard utility functions.

Figure 4 also shows that differences in priors about H (comparing the gray and dotted

lines) have a larger impact on return forecasts than differences in priors about µ (comparing

the gray and black lines). While the bullish investor initially forecasts a larger return than

the neutral investor for all four portfolios, this difference dissipates as more data becomes

available and investors place less weight on their priors. The forecast differences associated

with different priors about H, by contrast, are larger and do not dissipate for these portfolios

because, as discussed above, the data offer very little guidance on the true value of H.

25We repeat the exercise once per year instead of each quarter to save computational time. Given the
slow-moving changes in expected returns we are interested in, we would not expect large quarter-to-quarter
variations in conditional distributions of either model parameters or returns.
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5. Conclusion

This paper proposes a statistical model that admits the possibility of time-varying expected

returns, which we apply to analyze the returns of characteristic-sorted portfolios. There are

two main takeaways that emerge from our analysis. The first is that accounting for time

variation in expected returns materially affects statistical inferences about characteristic-

sorted portfolio returns. For the value, investment and profitability portfolios, the historical

data are broadly consistent with a wide variety of return generating processes, including both

i.i.d. returns with significant positive means and persistent conditional expected returns

fluctuating around zero unconditional means. On the other hand, our analysis of the size

portfolio reveals significant evidence of persistent variation in conditional expected returns,

and as such rejects the CAPM, despite the size portfolio’s near-zero average performance.

Our second takeaway relates to how investors should interpret the historical data. The

lack of precise statistical inferences from historical data does not imply that the data are

not informative for investors. As our Bayesian analyses indicate, investors with relatively

agnostic priors, who are thus open to the possibility of persistent variation in returns, will

form posterior beliefs about the conditional expected returns of characteristic-sorted portfo-

lios that fluctuate substantially over time and that increase with portfolios’ recent returns.

These results have implications for practitioners as well as for academics who are interested

in characteristic-sorted portfolios. Financial institutions now offer a multitude of relatively

passive investment products, such as ETFs and mutual funds, that focus on the long-term

links between returns and characteristics. At the same time, there exist active hedge funds

that attempt to time short-term variations in characteristic return premia. Our framework

offers guidance for both groups regarding the extent to which the past performance of these

portfolios should be incorporated in forecasts of future performance.

The framework we develop can be extended in a number of ways. For example, while our

model allows excess returns to fluctuate over relatively long cycles, the process governing
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returns is stationary. The possibility of a non-stationary process in which excess returns

converge towards zero as markets become more efficient – or jump towards zero upon the

publication of relevant academic research – can be incorporated into a model like ours. An-

other natural extension would be to incorporate an observable process, for example spreads

in short interest or valuation ratios between the long and short sides of each portfolio, that is

correlated with the unobserved expected return process. Future research incorporating these

or other extensions could shed further light on what causes the time variations in conditional

expected returns we study here.
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Gârleanu, Nicolae, Leonid Kogan, and Stavros Panageas, 2012, Displacement risk and asset
returns, Journal of Financial Economics 105, 491–510.

Goncalves, Andrei and Gregory Leonard, 2023, The fundamental-to-market ratio and the
value premium decline, Journal of Financial Economics 147, 382–405.

Gupta, Tarun and Bryan Kelly, 2019, Factor momentum everywhere, Journal of Portfolio
Management 45, 13–36.

Hodrick, Robert J, 1992, Dividend yields and expected stock returns: Alternative procedures
for inference and measurement, The Review of Financial Studies 5, 357–386.

Israel, Ronen, Kristoffer Laursen, and Scott Richardson, 2020, Is (systematic) value investing
dead?, Journal of Portfolio Management 47, 38–62.

Johannes, Michael, Arthur Korteweg, and Nicholas Polson, 2014, Sequential learning, pre-
dictability, and optimal portfolio returns, Journal of Finance 69, 611–644.

Kandel, Shmuel and Robert F Stambaugh, 1996, On the predictability of stock returns: an
asset-allocation perspective, Journal of Finance 51, 385–424.

Kendall, Maurice G, 1954, Note on bias in the estimation of autocorrelation, Biometrika 41,
403–404.

Kogan, Leonid, Dimitris Papanikolaou, and Noah Stoffman, 2020, Left behind: Creative
destruction, inequality, and the stock market, Journal of Political Economy 128, 855–906.

Lewellen, Jonathan, 2002, Momentum and autocorrelation in stock returns, Review of Fi-
nancial Studies 15, 533–564.

Linnainmaa, Juhani T and Michael R Roberts, 2018, The history of the cross-section of
stock returns, Review of Financial Studies 31, 2606–2649.

Marriott, FHC and JA Pope, 1954, Bias in the estimation of autocorrelations, Biometrika
41, 390–402.

McLean, R David and Jeffrey Pontiff, 2016, Does academic research destroy stock return
predictability?, Journal of Finance 71, 5–32.

Newey, Whitney K and Kenneth D West, 1987, A simple, positive semi-definite, het-
eroskedasticity and autocorrelation consistent covariance matrix, Econometrica 55, 703–
708.

Novy-Marx, Robert, 2013, The other side of value: The gross profitability premium, Journal
of Financial Economics 108, 1–28.
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Figure 1: Maximum Likelihood Hypothesis Tests in Simulated Samples

This figure reports rejection rates for parameter restrictions that obtain with likelihood ratio tests on sim-
ulated samples of varying lengths. Each sample consists of quarterly data simulated under a specific pa-
rameterization of our model. For each parameterization of each length we simulate 2,500 samples. In all
simulated samples, the annualized return volatility σr = 0.15. The parameter µ is the annualized uncondi-
tional expected return, H is the annualized half-life of shocks to expected return, and γ is the one-quarter
autocorrelation in returns. The parameters of the process that generate the simulated data are given in the
“Data” label for each line. The parameter restrictions for the tested hypothesis are given in the “Rest.” label
for each line, with any unspecified parameter left unrestricted. The lines in the figures report the fraction
of simulated samples, in percent, for which an asymptotic likelihood ratio test rejects the restriction at the
5% level.

Panel A: % of simulated samples rejecting restrictions on µ at the 5% level

Panel B: % of simulated samples rejecting restrictions on H and γ at the 5% level
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Figure 2: Posterior Sharpe Ratios

This figure reports the means and 95% confidence intervals for posterior distributions of Sharpe ratios for
value, investment, profitability, and size portfolios, as defined in the header of Table 1. Posteriors for the
unconditional Sharpe ratio are in black on the left, and the conditional Sharpe ratio as of Q1 of 2022 are
in grey on the right. Each panel shows the posteriors for 16 different (H,µsr) combinations of prior beliefs,
where H is the half-life of shocks to expected returns in years, and µsr is the unconditional Sharpe ratio.
All Sharpe ratios are annualized. Our sample consists of 234 quarterly observations from Q3 1963 through
Q4 2021.

Panel A: Value

Panel B: Investment
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Figure 2: Posterior Sharpe Ratios (continued)

Panel C: Profitability

Panel D: Size
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Figure 3: Posteriors on Conditional Sharpe Ratios Across Time

This figure shows means of posterior belief distributions for conditional Sharpe ratios of value, investment,
profitability, and size portfolios, as defined in the header of Table 1. Posterior distributions are computed
using the full sample of historical data and the prior beliefs that the unconditional Sharpe ratio µsr is
distributed N(0, 0.4) and the half-life of shocks to expected returns H is distributed U(0, 10). Our sample
consists of 234 quarterly observations from Q3 1963 through Q4 2021.

Panel A: Value

Panel B: Investment
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Figure 3: Posteriors on Conditional Sharpe Ratios Across Time (continued)

Panel C: Profitability

Panel D: Size
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Figure 4: Out-of-Sample Expected Return Forecasts

This figure presents conditional expected return forecasts r̂i,t computed by Bayesian investors with different
priors who calculate posteriors using only past data available at each point in time. The solid black line
shows r̂i,t for an investor with priors that the half-life of shocks to expected returns H equals zero and that
the unconditional Sharpe ratio µsr is distributed N(0.4, 0.4) (‘Bull’). The solid gray line shows r̂i,t for an
investor with priors that H = 0 and µsr is distributed N(0, 0.4) (‘Neutral’). The dotted black line shows r̂i,t
for an investor with priors that H ∼ U(0, 10) and µsr ∼ N(0, 0.4). Return forecasts are for market-neutral
returns in annualized percents. We compute forecasts at the beginning of each calendar year from 1973–2021
based on quarterly return data starting in 1963.

Panel A: Value

Panel B: Investment
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Figure 4: Out-of-Sample Expected Return Forecasts (continued)

Panel C: Profitability

Panel D: Size
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Table 1: Historical Performance of Characteristic-Sorted Portfolios

This table presents statistics summarizing the historical performance of value-weighted quintile portfolios
formed on value, investment, profitability, and size characteristics. The value portfolio is based on sorting
firms by their book-to-market ratios, the investment portfolio on sorting by the annual growth rate of total
assets, the profitability portfolio on sorting by operating profits divided by book equity, and the size portfolio
on sorting by market capitalization, as in Fama and French (2015). The investment portfolio is long firms
in the lowest quintile and short firms in the highest quintile, while the other three portfolios are long the
highest quintile and short the lowest. For each portfolio, we compute market-neutral returns by hedging out
market risk using the full-sample market β. We report the mean annualized quarterly return in percentage
terms and the annualized Sharpe ratio for the full sample, two subsamples, and the difference between the
subsamples. t-statistics based on iid re-sampling of the calendar quarters in each sample are in parenthesis.
Our sample consists of 234 quarterly observations from Q3 1963 through Q4 2021.

Mean (annualized %) Sharpe ratio (annualized)
All 1963–1992 1993–2021 Diff All 1963–1992 1993–2021 Diff

Value 3.80 6.09 1.47 -4.62 0.25 0.45 0.09 -0.36
(1.92) (2.19) (0.52) -(1.17) (1.91) (2.40) (0.47) -(1.35)

Investment 4.75 4.81 4.68 -0.12 0.45 0.48 0.41 -0.07
(3.39) (2.46) (2.35) -(0.04) (3.36) (2.59) (2.18) -(0.26)

Profitability 4.91 3.40 6.45 3.05 0.45 0.36 0.54 0.18
(3.47) (1.71) (3.20) (1.08) (3.45) (1.92) (2.86) (0.69)

Size 0.16 1.97 -1.68 -3.65 0.01 0.12 -0.12 -0.24
(0.08) (0.69) -(0.58) -(0.90) (0.08) (0.64) -(0.62) -(0.89)
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Table 2: Autocorrelation Estimates with Simulated and Historical Data

This table presents statistics summarizing autocorrelation estimates with model-simulated and historical
portfolio returns. For each portfolio, we run overlapping time-series regressions of quarterly returns rt on a
constant and rolling averages of past returns from quarters t− L through t− 1:

rt = a+ bL

(
1

L

L∑
l=1

rt−l

)
+ εt. (15)

Panel A presents average coefficients bL and 95% confidence intervals from 50,000 simulated 234-quarter
samples under various parameterizations of the model. The parameter H is the half-life of shocks to expected
returns denoted in years, γ is the first-order autocorrelation of quarterly returns, and σ̂sr is the volatility
of the annualized Sharpe ratio conditional on past realized returns. Panel B show estimates for the value,
investment, profitability, and size portfolios, as defined in the header of Table 1. Standard errors based
on i.i.d. re-sampling of the calendar months in our sample are in parenthesis. The joint significance row
presents the fraction of i.i.d. simulations for which the sum of the b̂ across the four portfolios exceeds the
sum in observed data. The sample consists of 234 quarterly observations from Q3 1963 through Q4 2021.

Panel A: Model Simulations

Parameterization Average coefficient [95% confidence interval]

H γ σ̂sr b4 b10 b20

IID 0.00 -0.03 -0.09 -0.20
[-0.31,0.22] [-0.59,0.30] [-1.04,0.38]

2.5 2.5% 0.12 0.04 0.06 0.01
[-0.24,0.29] [-0.44,0.43] [-0.76,0.52]

2.5 5% 0.22 0.11 0.16 0.14
[-0.18,0.36] [-0.32,0.52] [-0.59,0.61]

2.5 10% 0.38 0.22 0.32 0.31
[-0.07,0.47] [-0.13,0.63] [-0.32,0.71]

5 2.5% 0.15 0.04 0.06 0.03
[-0.25,0.29] [-0.45,0.44] [-0.76,0.55]

5 5% 0.26 0.10 0.16 0.18
[-0.19,0.36] [-0.33,0.54] [-0.57,0.66]

10 2.5% 0.18 0.03 0.03 0.01
[-0.26,0.28] [-0.48,0.43] [-0.81,0.56]

10 5% 0.30 0.08 0.13 0.15
[-0.22,0.35] [-0.38,0.53] [-0.64,0.66]

Panel B: Estimates for historical data

b4 b10 b20

Value 0.12 -0.07 0.11
Investment 0.21 0.07 -0.24
Profitability 0.15 -0.18 -0.30
Size 0.42 0.48 0.18

Pooled 0.25 0.20 0.07
iid p-value 0.0% 2.2% 16.7%

Pooled (without size) 0.15 -0.05 -0.07
iid p-value 2.8% 48.9% 40.4%
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Table 3: OLS with Time-Varying Expected Returns

This table presents estimates of unconditional expected returns of the value, investment, profitability, and
size portfolios, which are defined in the header of Table 1, along with standard errors calculated using a
variety of approaches. The first row reports the point estimate of the unconditional expected return, µ̂, in
annualized percentage terms. The ‘Unadjusted SE’ row reports the typical OLS standard error, which is
calculated under the assumption of independently distributed returns. The next three rows report standard
errors calculated using the Newey and West (1987) adjustment with 10, 20, or 40 quarterly lags. The
remaining rows report OLS standard errors corrected for autocorrelation using Equation (12) with different
values of H, the half-life of shocks to expected returns in years, and γ, the first-order autocorrelation of
quarterly returns. Our sample consists of 234 quarterly observations from Q3 1963 through Q4 2021.

Value Investment Profitability Size

µ̂ (annualized %) 3.80 4.75 4.91 0.16

Unadjusted SE (1.97) (1.39) (1.41) (2.02)

Newey-West SE (10 lags) (2.04) (1.58) (1.42) (2.89)
Newey-West SE (20 lags) (2.03) (1.48) (1.29) (3.08)
Newey-West SE (40 lags) (2.01) (1.36) (1.36) (2.78)

Model-based SE (H = 0.5, γ = 2.5%) (2.14) (1.50) (1.53) (2.19)
Model-based SE (H = 0.5, γ = 5%) (2.29) (1.61) (1.63) (2.34)
Model-based SE (H = 0.5, γ = 10%) (2.56) (1.80) (1.83) (2.62)

Model-based SE (H = 2.5, γ = 2.5%) (2.58) (1.81) (1.84) (2.64)
Model-based SE (H = 2.5, γ = 5%) (3.06) (2.15) (2.19) (3.13)
Model-based SE (H = 2.5, γ = 10%) (3.85) (2.71) (2.75) (3.94)

Model-based SE (H = 5, γ = 2.5%) (2.99) (2.10) (2.13) (3.06)
Model-based SE (H = 5, γ = 5%) (3.74) (2.62) (2.67) (3.82)

Model-based SE (H = 10, γ = 2.5%) (3.54) (2.48) (2.52) (3.62)
Model-based SE (H = 10, γ = 5%) (4.60) (3.23) (3.28) (4.70)
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Table 4: Maximum Likelihood Hypothesis Tests

This table presents parameter estimates and hypothesis tests based on maximum-likelihood estimations of
our model for the value, investment, profitability, and size portfolios, which are defined in the header of
Table 1. Panel A reports estimates of µ, the unconditional expected return in annualized percentage terms;
σr, the volatility of returns in annualized percentage terms; H, the half-life of shocks to expected returns in
years; and γ, the first-order autocorrelation of quarterly returns. The rows labelled µ = 0 re-estimate the
model with µ restricted to be zero, and report the p-value for this restriction based on a likelihood ratio test.
Panel B presents a variety of hypothesis tests for different restrictions on H and γ. In each case, we report
the likelihood ratio p-value of the (H, γ) restriction (Rest. p-value). We compute p-values for likelihood
ratios using small-sample distributions computed by simulating the model under the restricted parameter
estimates. Our sample consists of 234 quarterly observations from Q3 1963 through Q4 2021.

Panel A: Tests for µ = 0

IID Time-varying expected returns
µ (%) σr (%) µ = 0 p-value µ (%) σr (%) H (years) γ (%) µ = 0 p-value

Value 3.80 15.10 3.77 15.10 0.14 11.82
µ = 0 0.00 15.22 5.0% 0.00 15.22 0.17 13.32 14.1%

Investment 4.75 10.60 4.77 10.60 0.34 9.19
µ = 0 0.00 10.87 0.1% 0.00 10.80 10.00 4.80 9.4%

Profitability 4.91 10.77 4.97 10.78 0.21 7.63
µ = 0 0.00 11.05 0.0% 0.00 10.98 10.00 4.29 10.5%

Size 0.16 15.43 -0.11 15.43 1.23 14.02
µ = 0 0.00 15.43 93.3% 0.00 15.43 1.23 14.02 97.6%

Panel B: Restrictions on H and γ

Restrictions H (years): 2.5 5 10

γ (%): IID - 2.5 5 - 2.5 5 - 2.5 5

Value Rest. p-value (%) 32.9 6.2 27.8 18.5 7.5 27.5 17.8 21.0 28.5 18.6
Investment Rest. p-value (%) 47.6 8.2 41.7 34.3 24.7 32.4 24.0 47.8 33.3 25.1
Profitability Rest. p-value (%) 76.1 33.4 50.4 28.6 24.6 48.4 31.9 47.5 55.8 34.4
Size Rest. p-value (%) 0.9 29.8 9.1 21.3 7.0 6.1 8.3 6.0 2.8 5.7
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Table 5: Prior Beliefs about Model Parameters

This table presents summary statistics for the prior distributions that we use for our Bayesian analyses.
Panel A lists the possible priors we consider for µsr, the annualized unconditional Sharpe ratio; H, the
half-life of shocks to expected returns in years; σr, the volatility of returns in annualized percentage terms;
σsr, the volatility of the annualized conditional Sharpe ratio; and ρ, the correlation between shocks to
unexpected and expected returns. The term N(mean, standard deviation) indicates a normal distribution,
U(lower bound, upper bound) indicates a uniform distribution, and a number stated without a distribution
indicates a dogmatic prior that the parameter value equals that number. Panel B presents the means and
95% confidence intervals implied by each (H,µsr) prior parameterization for prior distributions of µ, the
unconditional expected return in annualized percentage terms; γ, the first-order autocorrelation of quarterly
returns; and σ̂sr, the volatility of the annualized Sharpe ratio conditional on past realized returns.

Panel A: Priors on Transformed Parameters

µsr H (years) σr (%) σsr ρ

N(−0.4, 0.4) 0 U(10, 20) U (0, 1) U(−0.5, 0)
N(0, 0.4) 2.5
N(0.4, 0.4) 5
U(−2, 2) U (0, 10)

Panel B: Moments of Priors

µ (%) γ (%) σ̂sr

H µsr mean 95% CI mean 95% CI mean 95% CI

0 N(−0.4, 0.4) -5.30 [-15.90,5.16] - - - -
0 N(0, 0.4) -0.01 [-10.47,10.42] - - - -
0 N(0.4, 0.4) 5.32 [-5.10,16.05] - - - -
0 U(−2, 2) -0.02 [-25.84,25.70] - - - -

2.5 N(−0.4, 0.4) -5.34 [-16.07,5.07] 4.81 [-0.58,15.44] 0.19 [0.00,0.52]
2.5 N(0, 0.4) -0.04 [-10.42,10.37] 4.76 [-0.59,15.41] 0.19 [0.00,0.52]
2.5 N(0.4, 0.4) 5.29 [-5.10,15.98] 4.78 [-0.58,15.43] 0.19 [0.00,0.52]
2.5 U(−2, 2) -0.05 [-25.88,25.72] 4.76 [-0.58,15.45] 0.19 [0.00,0.52]

5 N(−0.4, 0.4) -5.30 [-15.94,5.11] 5.58 [-0.25,16.49] 0.25 [0.00,0.61]
5 N(0, 0.4) 0.01 [-10.47,10.47] 5.60 [-0.26,16.47] 0.25 [0.00,0.61]
5 N(0.4, 0.4) 5.23 [-5.18,15.94] 5.61 [-0.26,16.54] 0.25 [0.00,0.61]
5 U(−2, 2) 0.00 [-25.75,25.93] 5.56 [-0.25,16.41] 0.25 [0.00,0.61]

U(0, 10) N(−0.4, 0.4) -5.32 [-16.03,4.99] 4.91 [-1.91,16.37] 0.23 [0.00,0.63]
U(0, 10) N(0, 0.4) -0.02 [-10.48,10.38] 4.90 [-1.79,16.37] 0.23 [0.00,0.63]
U(0, 10) N(0.4, 0.4) 5.29 [-5.14,15.98] 4.92 [-1.76,16.40] 0.23 [0.00,0.63]
U(0, 10) U(−2, 2) -0.01 [-25.81,25.82] 4.90 [-1.83,16.38] 0.23 [0.00,0.63]
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Table 6: Posterior Beliefs

This table presents summary statistics for posterior distributions that obtain given the historical return data
for the value, investment, profitability, and size portfolios, as described in the header of Table 1. The first
two columns describe the prior belief specification (H,µsr), where H is the half-life of shocks to expected
returns and µsr is the unconditional Sharpe ratio. The remaining columns report the means and 95%
confidence intervals for the posterior distributions of µ, the unconditional expected return; H; γ, the first-
order autocorrelation of quarterly returns; and σ̂sr, the volatility of the Sharpe ratio conditional on past
realized returns. The variables µ, H, and σ̂sr are annualized. We compute the posterior beliefs using an
M.C.M.C. procedure described in Appendix D. Our sample consists of 234 quarterly observations from Q3
1963 through Q4 2021.

Panel A: Value

Prior µ (%) H (years) γ (%) σ̂sr

H µsr mean 95% CI mean 95% CI mean 95% CI mean 95% CI

0 N(−0.4, 0.4) 2.86 [-0.94,6.40] - - - - - -
0 N(0, 0.4) 3.46 [-0.23,7.13] - - - - - -
0 N(0.4, 0.4) 3.99 [0.41,7.64] - - - - - -
0 U(−2, 2) 3.76 [0.05,7.53] - - - - - -

2.5 N(−0.4, 0.4) 2.02 [-3.53,6.67] - - 3.04 [-0.60,12.07] 0.13 [0.00,0.44]
2.5 N(0, 0.4) 3.11 [-1.85,7.65] - - 2.77 [-0.59,11.73] 0.12 [0.00,0.43]
2.5 N(0.4, 0.4) 4.05 [-0.59,8.74] - - 2.67 [-0.60,11.51] 0.12 [0.00,0.42]
2.5 U(−2, 2) 3.72 [-1.72,9.10] - - 2.99 [-0.61,12.26] 0.13 [0.00,0.44]

5 N(−0.4, 0.4) 1.62 [-4.94,6.56] - - 3.12 [-0.28,12.62] 0.16 [0.00,0.51]
5 N(0, 0.4) 2.91 [-2.82,7.85] - - 2.70 [-0.29,11.85] 0.14 [0.00,0.49]
5 N(0.4, 0.4) 4.02 [-1.17,9.15] - - 2.70 [-0.28,11.78] 0.14 [0.00,0.49]
5 U(−2, 2) 3.57 [-3.21,9.78] - - 3.00 [-0.29,12.52] 0.15 [0.00,0.51]

U(0, 10) N(−0.4, 0.4) 1.63 [-5.25,6.73] 4.83 [0.33,9.73] 3.29 [-0.68,12.68] 0.16 [0.00,0.51]
U(0, 10) N(0, 0.4) 2.93 [-2.59,7.80] 4.65 [0.30,9.73] 2.81 [-0.87,11.70] 0.14 [0.00,0.47]
U(0, 10) N(0.4, 0.4) 4.05 [-0.93,9.11] 4.64 [0.28,9.72] 2.72 [-0.87,11.71] 0.13 [0.00,0.47]
U(0, 10) U(−2, 2) 3.56 [-2.84,9.35] 4.79 [0.34,9.76] 3.00 [-0.63,12.24] 0.15 [0.00,0.49]

Prior µ H γ (%) σ̂sr
H µsr mean 95% CI mean 95% CI mean 95% CI mean 95% CI

D = 1 U(0, 10) N(0, 0.4) 2.93 [-2.59,7.80] 4.65 [0.30,9.73] 2.81 [-0.87,11.70] 0.14 [0.00,0.47]
D = 0.5 U(0, 10) N(0, 0.4) 4.32 [-1.97,9.71] 4.48 [0.25,9.70] 2.24 [-1.07,10.88] 0.11 [0.00,0.44]
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Table 6: Posterior Beliefs (continued)

Panel B: Investment

Prior µ (%) H (years) γ (%) σ̂sr

H µsr mean 95% CI mean 95% CI mean 95% CI mean 95% CI

0 N(−0.4, 0.4) 3.86 [1.42,6.29] - - - - - -
0 N(0, 0.4) 4.31 [1.74,6.84] - - - - - -
0 N(0.4, 0.4) 4.69 [2.12,7.22] - - - - - -
0 U(−2, 2) 4.75 [2.06,7.38] - - - - - -

2.5 N(−0.4, 0.4) 2.91 [-1.38,6.42] - - 4.65 [-0.52,13.96] 0.19 [0.00,0.49]
2.5 N(0, 0.4) 3.79 [-0.13,7.19] - - 4.08 [-0.52,13.47] 0.17 [0.00,0.47]
2.5 N(0.4, 0.4) 4.56 [0.94,8.03] - - 3.98 [-0.53,13.50] 0.17 [0.00,0.47]
2.5 U(−2, 2) 4.70 [0.53,8.79] - - 4.09 [-0.54,13.51] 0.17 [0.00,0.47]

5 N(−0.4, 0.4) 2.34 [-2.91,6.31] - - 4.50 [-0.22,14.64] 0.21 [0.00,0.56]
5 N(0, 0.4) 3.52 [-1.06,7.19] - - 3.62 [-0.27,13.79] 0.18 [0.00,0.54]
5 N(0.4, 0.4) 4.44 [0.48,8.16] - - 3.29 [-0.30,13.41] 0.16 [0.00,0.53]
5 U(−2, 2) 4.51 [-0.38,9.24] - - 3.61 [-0.26,13.79] 0.18 [0.00,0.54]

U(0, 10) N(−0.4, 0.4) 2.57 [-2.95,6.25] 4.75 [0.38,9.72] 4.46 [-0.44,14.14] 0.20 [0.00,0.55]
U(0, 10) N(0, 0.4) 3.65 [-0.83,7.11] 4.33 [0.36,9.71] 3.86 [-0.62,13.41] 0.17 [0.00,0.52]
U(0, 10) N(0.4, 0.4) 4.51 [0.71,8.00] 4.20 [0.33,9.64] 3.60 [-0.65,12.81] 0.16 [0.00,0.50]
U(0, 10) U(−2, 2) 4.58 [0.02,8.65] 4.19 [0.30,9.65] 3.77 [-0.66,13.63] 0.17 [0.00,0.52]

Panel C: Profitability

Prior µ (%) H (years) γ (%) σ̂sr

H µsr mean 95% CI mean 95% CI mean 95% CI mean 95% CI

0 N(−0.4, 0.4) 4.01 [1.31,6.49] - - - - - -
0 N(0, 0.4) 4.44 [1.82,6.97] - - - - - -
0 N(0.4, 0.4) 4.83 [2.25,7.45] - - - - - -
0 U(−2, 2) 4.93 [2.21,7.71] - - - - - -

2.5 N(−0.4, 0.4) 3.70 [-0.24,6.90] - - 2.38 [-0.62,11.69] 0.11 [0.00,0.43]
2.5 N(0, 0.4) 4.25 [0.92,7.35] - - 2.28 [-0.62,11.02] 0.10 [0.00,0.41]
2.5 N(0.4, 0.4) 4.90 [1.72,8.12] - - 2.19 [-0.64,11.00] 0.10 [0.00,0.41]
2.5 U(−2, 2) 5.01 [1.31,8.78] - - 2.35 [-0.63,11.46] 0.11 [0.00,0.42]

5 N(−0.4, 0.4) 3.26 [-1.42,6.80] - - 2.73 [-0.31,11.67] 0.14 [0.00,0.48]
5 N(0, 0.4) 4.11 [0.19,7.49] - - 2.37 [-0.30,11.11] 0.13 [0.00,0.47]
5 N(0.4, 0.4) 4.88 [1.30,8.61] - - 2.34 [-0.30,10.99] 0.13 [0.00,0.46]
5 U(−2, 2) 5.05 [0.91,9.58] - - 2.45 [-0.30,11.45] 0.13 [0.00,0.48]

U(0, 10) N(−0.4, 0.4) 3.15 [-1.73,6.58] 5.01 [0.29,9.78] 2.81 [-0.79,12.25] 0.14 [0.00,0.51]
U(0, 10) N(0, 0.4) 4.12 [0.19,7.52] 4.74 [0.27,9.77] 2.41 [-1.12,11.45] 0.12 [0.00,0.47]
U(0, 10) N(0.4, 0.4) 4.85 [1.34,8.44] 4.74 [0.27,9.72] 2.32 [-1.20,11.01] 0.12 [0.00,0.46]
U(0, 10) U(−2, 2) 5.03 [1.06,9.45] 4.71 [0.29,9.72] 2.50 [-0.99,11.48] 0.13 [0.00,0.48]

46



Table 6: Posterior Beliefs (continued)

Panel D: Size

Prior µ (%) H (years) γ (%) σ̂sr

H µsr mean 95% CI mean 95% CI mean 95% CI mean 95% CI

0 N(−0.4, 0.4) -0.42 [-4.16,3.28] - - - - - -
0 N(0, 0.4) 0.10 [-3.55,3.84] - - - - - -
0 N(0.4, 0.4) 0.73 [-3.04,4.50] - - - - - -
0 U(−2, 2) 0.11 [-3.70,4.02] - - - - - -

2.5 N(−0.4, 0.4) -1.86 [-8.62,4.57] - - 10.85 [3.20,17.08] 0.40 [0.15,0.56]
2.5 N(0, 0.4) -0.09 [-6.56,6.25] - - 10.66 [3.04,16.96] 0.39 [0.14,0.56]
2.5 N(0.4, 0.4) 1.81 [-4.57,8.45] - - 10.70 [3.03,16.85] 0.39 [0.14,0.56]
2.5 U(−2, 2) -0.12 [-7.83,7.88] - - 10.93 [3.23,16.95] 0.40 [0.15,0.56]

5 N(−0.4, 0.4) -2.46 [-10.12,4.84] - - 10.90 [1.88,17.67] 0.45 [0.12,0.64]
5 N(0, 0.4) -0.03 [-7.41,7.28] - - 10.63 [1.40,17.59] 0.44 [0.09,0.64]
5 N(0.4, 0.4) 2.44 [-4.87,9.92] - - 10.86 [1.82,17.59] 0.45 [0.12,0.64]
5 U(−2, 2) -0.07 [-10.66,10.28] - - 11.00 [1.67,17.70] 0.45 [0.11,0.64]

U(0, 10) N(−0.4, 0.4) -2.00 [-9.14,4.55] 3.39 [0.78,8.98] 10.49 [2.27,17.05] 0.39 [0.11,0.62]
U(0, 10) N(0, 0.4) 0.04 [-6.71,6.65] 3.32 [0.74,8.99] 10.31 [2.00,17.08] 0.38 [0.10,0.62]
U(0, 10) N(0.4, 0.4) 1.96 [-4.53,9.16] 3.47 [0.83,9.13] 10.47 [2.08,17.05] 0.39 [0.10,0.63]
U(0, 10) U(−2, 2) -0.04 [-9.04,9.00] 3.51 [0.78,9.12] 10.64 [2.35,17.30] 0.40 [0.11,0.63]
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Appendix A. Autocorrelations in Monthly Returns

As described in Section 2.1, we analyze quarterly returns of characteristic-sorted portfolios
rather than the monthly returns that are typically studied in the literature. We do so because
monthly returns exhibit strong first-order autocorrelations, which may be caused by lead-
lag effects, under-reaction, or some other transitory source of persistence. While interesting
on its own, this form of autocorrelation differs from the main focus of this paper, namely,
slow-moving but persistent variations in expected returns. To avoid biasing our estimates
towards large but quickly-reverting variations, we use quarterly rather than monthly data.

Appendix Figure 1 illustrates the magnitude of the autocorrelations at monthly lags l = 1
through l = 60 for the four portfolios we study, as well as the autocorrelations estimated in
a pooled regression including all four portfolios. The first-order autocorrelation is the single
largest coefficient for any of the 60 months for value, investment, and profitability, as well
as in pooled regressions. Quarterly data do not exhibit a strong first-order autocorrelation
(see Table 2) because the two- and three-month autocorrelations in Appendix Figure 1 are
much smaller and statistically insignificant.

Appendix B. Small-Sample Bias in Newey and West (1987) Standard Errors

As described in Section 3.1 and presented in Table 3, Newey and West (1987) standard errors
differ very little from unadjusted standard errors in our setting. In this Appendix, we show
that this pattern can be explained by a small-sample bias in Newey and West (1987) when
expected returns have persistent variations.26

To illustrate the small-sample performance of Newey and West (1987), we simulate sam-
ples using the statistical model presented in Section 1 under a variety of parameterizations
for γ, the first-order autocorrelation of returns, and H, the half-life of shocks to expected
returns.27 For each parameterization, we simulate 50,000 samples with 234 quarterly returns,
and regress realized returns on a constant. We compute standard errors using Newey and
West (1987) with lags equal to 2H and compare these to simulated standard errors calculated
as the standard deviation across simulations.

Panel A of Appendix Table 2 shows that Newey and West (1987) standard errors exhibit
a downward bias in this setting. The bias is stronger when autocorrelation is larger (higher
γ) or more persistent (higher H), with Newey and West (1987) standard errors often 25%–
50% too small relative to simulated standard errors. This leads the Newey and West (1987)
procedure to reject the null too frequently, with t-statistics above the 5% critical value in
15%-40% of simulations. Interestingly, there is some bias even when the true autocorrelation
γ is zero. The reason is that Newey and West (1987) embeds a small-sample estimate of
autocorrelation, which is downward biased. This effect worsens as H increases because of
the increase in the number of lags used in the Newey and West (1987) adjustment.

26Hodrick (1992) documents a similar small-sample bias for Newey and West (1987) inferences in a time-
series return predictability setting.

27We also assume the unconditional expected return, µ, is zero, and the return volatility is equal the to
in-sample volatility of the value portfolio.
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A potential fix for the downward bias is to increase the number of lags used in Newey
and West (1987) to reflect that autocorrelation persists beyond 2H periods in our statistical
model. Panel B of Appendix Table 2 shows this remedy does not help. Increasing the number
of lags slightly reduces the over-rejection initially but eventually has the opposite effect, and
the rejection rate never approaches 5%.

To better understand the source of the downward bias, we sort simulated samples by the
estimate for b̂20 from Equation 10, a summary measure of how much estimated autocorrela-
tion there is in the sample. Panel C of Table 2 shows that the estimate of b̂20 is downward
biased, averaging around 0.20 below the true value in the two parameterizations we report.28

The estimates vary substantially across simulations with both parameterizations as well,
with interquartile ranges of 1.0 and 0.8, respectively. These variations are closely related to
the downward bias in Newey and West (1987), which is much larger in the lower b̂20 quintiles
than the higher ones.

Appendix C. Generalized Least Squares (GLS) Estimations

In addition to the OLS standard error correction described in Section 3.1, we estimate un-
conditional expected returns µ in GLS regressions that use the covariance matrix Σ implied
by γ and H. These GLS estimations adjust both the point estimates µ̂ and the standard
errors. While the OLS estimates are based on an equally-weighted average of the returns
in the sample, the GLS estimates utilize an average weighted by the amount of orthogonal
information each observation contains about the unconditional expected return. When con-
ditional expected returns exhibit persistent variations, the observations in the middle of the
sample are relatively more redundant because they ‘over-sample’ the same epoch of condi-
tional expected returns. As illustrated by Appendix Figure 2, GLS therefore over-weights
observations at the beginning and end of the sample. This effect is larger for larger values
of H, and reverses when γ is negative.

Appendix Table 3 shows the GLS point estimates and t-statistics, along with the cor-
responding OLS statistics, for a variety of assumptions about γ and H. We find that the
GLS corrections to point estimates are generally small, but somewhat more negative in some
specifications for the value and the investment portfolios. The reason for this negative effect
is that these portfolios had unusually low returns at the beginning and/or the end of the
sample, which GLS infers as providing more independent information relative to the obser-
vations in the middle. Overall, the main conclusion from the OLS analysis, that t-statistics
can be half as large for reasonable values of H and γ relative to uncorrected t-statistics,
remains unchanged when using GLS.

28The true value for a given parameterization is b20 =
Cov(rt, 1

20

∑20
l=1 rt−l)

Var( 1
20

∑20
l=1 rt−l)

= 20
∑20
l=1 Σ1,1+l∑20

l=1

∑20
m=1 Σl,m

, where Σi,j

is the covariance matrix defined in Equation (8).

49



Appendix D. Sampling Bayesian Posteriors

We draw samples of N = 50, 000 observations from the posterior distribution of model
parameters Ωpost using the following procedure:

1. Draw N observations Ωprior
i , i ∈ [1, N ] from the prior distribution.

2. Accept Ωprior
1 as the first observation of the posterior distribution Ωposterior

1 .

3. For observations i = 2 . . . N :

(a) Evaluate the conditional likelihood of the data D given the ith draw from the
prior parameters as well as the i− 1st draw from the posterior parameters:

Lpropose = L(D|Ω = Ωprior
i ), (16)

Lprevious = L(D|Ω = Ωposterior
i−1 ). (17)

(b) If Lpropose ≥ Lprevious, accept Ωposterior
i = Ωprior

i .

(c) If Lpropose ≤ Lprevious, accept Ωposterior
i = Ωprior

i with probability Lpropose
Lprevious , and oth-

erwise retain Ωposterior
i = Ωprior

i−1 .
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Appendix Figure 1: Monthly Autocorrelograms

This figure presents autocorrelations of monthly returns for value, investment, profitability, and size port-
folios, as defined in the header of Table 1, as well the autocorrelation estimated in a pooled regression
containing all four portfolios. We estimate the autocorrelation for each lag l independently. The horizontal
lines represent the 95% confidence interval for autocorrelation coefficients under the zero-autocorrelation null
hypothesis. Our sample consists of 678 monthly observations from Q3 1963 through Q4 2021.

Panel A: Value

Panel B: Investment
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Appendix Figure 1: Monthly Autocorrelograms (continued)

Panel C: Profitability

Panel D: Size

Panel E: Pooled
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Appendix Figure 2: GLS Influence Functions and Return Autocorrelations

This figure presents the GLS weights that apply in the estimation of the unconditional expected return µ
under different assumptions about the autocorrelation structure of returns. The parameter H is the half-life
of shocks to expected returns in years, and γ is the first-order autocorrelation of quarterly returns.
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Appendix Table 1: Return Autocorrelations for Different Parameterizations

This table shows the first-order autocorrelation of quarterly returns in percentage terms, γ = corr(rt, rt−1),
implied by various combinations of H, the half-life of shocks to expected returns, and σδ/ σε, the ratio of the
volatilities of expected and unexpected return shocks. We assume ρ = −1 throughout to provide an upper
bound on the magnitude negative autocorrelations.

H σδ
σε

0.001 0.01 0.1 0.25 0.5 0.75 1

0.1 -0.0 -0.2 -1.8 -4.4 -8.6 -12.7 -16.6
0.25 -0.0 -0.5 -4.8 -11.2 -19.2 -23.7 -25.0
0.5 -0.1 -0.7 -6.3 -12.5 -14.1 -8.5 0.0
1 -0.1 -0.8 -6.2 -7.2 5.4 21.7 34.8
2.5 -0.1 -0.9 -2.9 11.2 41.1 59.2 69.1
5 -0.1 -0.8 3.3 32.1 64.3 77.5 83.7
10 -0.1 -0.7 14.1 54.0 80.1 88.1 91.6
25 -0.1 -0.3 35.7 76.6 91.4 95.1 96.6
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Appendix Table 2: Downward Bias in Newey and West (1987) Standard Errors

This table uses small-sample simulations to demonstrate how the downward bias in Newey and West (1987)
standard errors varies depending on the true data generating process, number of lags used, and realized
sample autocorrelation. Panel A shows how the bias varies as a function of H, the half life of shocks
to conditional expected returns (in years), and γ, the first-order autocorrelation of returns. Each of the
50,000 simulations has 234 quarters, zero unconditional expected return µ, and return volatility equal to the
volatility of the value portfolio. For each H and γ pair, Panel A presents Newey and West (1987) standard
errors for µ with 2H years of lags (NW SE) relative to the standard deviation across simulations of estimates
for µ (Sim. SE), and the fraction of simulated samples in which the t-statistic for µ = 0 is above 1.96. Panel
B presents the same summary statistics when the Newey and West (1987) standard errors are calculated
using a variety of different lags. Panel C shows how the bias statistics when using 2H years of lags vary
across simulated samples sorted by the in-sample estimate of b20, the coefficient in a regression of rt on
1
20

∑20
l=1 rt−l.

Panel A: Bias in Newey and West (1987) standard errors with 2H years of lags as a function of H and γ

γ

H 0% 1% 2.5% 5% 10%

0.5 NW SE/Sim. SE 0.98 0.97 0.95 0.91 0.87
|NW t-stat| > 1.96 5.8% 6.0% 6.8% 7.9% 9.4%

1 NW SE/Sim. SE 0.98 0.94 0.91 0.86 0.81
|NW t-stat| > 1.96 6.0% 7.1% 8.2% 9.7% 12.1%

2.5 NW SE/Sim. SE 0.94 0.88 0.82 0.76 0.70
|NW t-stat| > 1.96 7.7% 9.8% 12.1% 15.0% 18.5%

5 NW SE/Sim. SE 0.89 0.79 0.72 0.66 0.61
|NW t-stat| > 1.96 10.8% 14.8% 18.7% 22.5% 25.8%

10 NW SE/Sim. SE 0.79 0.65 0.57 0.52 0.48
|NW t-stat| > 1.96 16.3% 24.3% 30.1% 34.6% 38.1%

Panel B: Varying number of lags

Number of lags (years)

H γ 1 3 5 10 20

5 0% NW SE/Sim. SE 0.99 0.96 0.94 0.89 0.79
|NW t-stat| > 1.96 5.7% 6.8% 7.9% 10.8% 16.3%

5 5% NW SE/Sim. SE 0.56 0.60 0.63 0.66 0.64
|NW t-stat| > 1.96 28% 25% 23% 23% 26%

Panel C: Simulated samples sorted by in-sample autocorrelation

b̂20 quintile

H γ b20 All 1 2 3 4 5

5 0% 0.00 b̂20 -0.20 -0.75 -0.35 -0.15 0.02 0.24
NW SE/Sim. SE 0.89 0.65 0.77 0.87 0.97 1.17
|NW t-stat| > 1.96 10.8% 20.3% 14.2% 10.2% 6.6% 2.9%

5 5% 0.41 b̂20 0.18 -0.32 0.05 0.22 0.37 0.55
NW SE/Sim. SE 0.66 0.44 0.55 0.64 0.74 0.92
|NW t-stat| > 1.96 22.5% 39.8% 28.0% 21.4% 15.3% 8.2%
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Appendix Table 3: GLS with Time-Varying Expected Returns

This table presents estimates of unconditional expected returns of value, investment, profitability, and size
portfolios, as defined in the header of Table 1, under a variety of assumptions about the magnitude and
persistence of variations in conditional expected returns. The model-implied autocorrelation structure of
returns are summarized by H, the half-life of shocks to expected returns in years, and γ, the first-order
autocorrelation of quarterly returns. We estimate unconditional expected returns µ using both OLS and
GLS and calculate t-statistics using the model-implied correlation matrix of the regression error terms. Our
sample consists of 234 quarterly observations from Q3 1963 through Q4 2021.

Panel A: Value

H (years) 2.5 5 10

γ (%) 2.5 5 10 2.5 5 2.5 5

OLS µ̂ (%) 3.80 3.80 3.80 3.80 3.80 3.80 3.80
Model t-stat (1.47) (1.24) (0.99) (1.27) (1.02) (1.07) (0.83)

GLS µ̂ (%) 3.68 3.62 3.57 3.50 3.36 3.28 3.03
Model t-stat (1.43) (1.19) (0.93) (1.18) (0.91) (0.94) (0.67)

Panel B: Investment

H (years) 2.5 5 10

γ (%) 2.5 5 10 2.5 5 2.5 5

OLS µ̂ (%) 4.75 4.75 4.75 4.75 4.75 4.75 4.75
Model t-stat (2.62) (2.21) (1.75) (2.26) (1.81) (1.91) (1.47)

GLS µ̂ (%) 4.65 4.62 4.63 4.46 4.35 4.23 4.00
Model t-stat (2.57) (2.15) (1.72) (2.14) (1.68) (1.72) (1.26)

Panel C: Profitability

H (years) 2.5 5 10

γ (%) 2.5 5 10 2.5 5 2.5 5

OLS µ̂ (%) 4.91 4.91 4.91 4.91 4.91 4.91 4.91
Model t-stat (2.67) (2.25) (1.79) (2.30) (1.84) (1.94) (1.50)

GLS µ̂ (%) 5.04 5.16 5.36 5.07 5.23 5.04 5.23
Model t-stat (2.74) (2.37) (1.96) (2.39) (1.98) (2.02) (1.62)

Panel D: Size

H (years) 2.5 5 10

γ (%) 2.5 5 10 2.5 5 2.5 5

OLS µ̂ (%) 0.16 0.16 0.16 0.16 0.16 0.16 0.16
Model t-stat (0.06) (0.05) (0.04) (0.05) (0.04) (0.05) (0.03)

GLS µ̂ (%) 0.16 0.13 0.08 -0.04 0.16 0.12 0.23
Model t-stat (0.05) (0.03) -(0.01) (0.05) (0.03) (0.06) (0.04)
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