Asset Selection and Under-Diversification with Financiah€traints and Income:

Implications for Household Portfolio Studies

ABSTRACT

Empirical studies of household portfolios have shown thmtng and relatively poor house-
holds hold under-diversified portfolios that are concepttan a small number of assets, a fact
often attributed to various behavioral biases. We presanbdel that offers a potential rational
alternative: we show that relatively poor investors; iievestors with little financial wealth, who
receive labor income and have access to multiple risky sisagbnally limit the number of assets
they invest in when faced with financial constraints such asgm requirements and restrictions on
borrowing. We provide both theoretical and numerical supfoy our results and show, in an ex-
ample calibrated to returns of five industry portfolios fré®27 to 2004, that while older investors
optimally hold diversified portfolios, younger investorigiwabor income prefer portfolios that are
concentrated in high-tech stocks that offer higher exgeméurns. Our results suggest that the
ratio of financial wealth to labor income would be a usefultcolnvariable in household portfolio
studies.
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Introduction

Portfolio choice has been a topic studied extensively inliteeature. Starting at least as early as
Merton (1971) and Cass and Stiglitz (1970), theory suggiststhe equity part of any investor's
portfolio should include all the risky assets availablalhielthe same proportions, with the mix between
bonds and stocks determined by individual risk aversione piescription, often callethutual fund
separation theoreprhas partly been the reason for the explosive growth in treecfi mutual funds that

track the market portfolio over the last 40 years.

More recently, researchers have been able to empiricaitlystousehold portfolios and have found
deviations from the theoretical prescription: househadfplios are under-diversified and concen-
trated on a small number of stocks. As a sample of the empliiegature, Kelly (1995) studies the
1983 Survey of Consumer Finances and finds that diversgitaticreases with portfolio size, investor
age, and investor wealth. Polkovnichenko (2005) uses tB&,19989, 1992, 1995, 1998 and 2001
Survey of Consumer Finances and confirms that wealthierdmmlds hold more diversified portfolios,
even though not all wealthy households are well diversiftéd.argues that investors are aware of the
higher risk associated with undiversified portfolios andpmses preferences with rank dependency as
a potential explanation. Ivkovic, Sialm, and Weisben2808) use data from trades and monthly port-
folio positions of retail investors at a large U.S. discooidkerage house for the 1991-1996 period and
show that the number of stocks in the portfolio increaseh thi¢ size of the account balance, and that
concentrated portfolios have higher levels of risk andrreind lower Sharpe ratios than diversified
portfolios. Goetzmann and Kumar (2008) study the same elagas! find that diversification increases
with age and income, while households with only a retirena@abunt hold less diversified portfolios
than households with additional non-retirement investnaecounts. They examine several potential
explanations for the lack of diversification: small porifosize and transaction costs; search and learn-
ing costs; investor demographics and financial sophigticalayered portfolio structure; preference to
higher order moments; and behavioral biases such as tlagicontrol, investor over-confidence, local
bias and trend-following behavior. Kumar (2009), using shene dataset, finds that young investors
have a strong preference for riskier stocks, and arguesiithgoung are more likely to be heavy lottery
players, and this is reflected in their selection of stockg&tdv and Vorking (2007), using a dataset of

60,000 individual accounts find that investors hold undendified portfolios with positively skewed



returns, a fact they attribute to heterogeneous prefesefozeskewness. In a recent paper, Calvet,
Campbell, and Sodini (2008) study a dataset of the pordatibthe entire Swedish population and
propose several measures to quantify the under-divensiicaf household portfolios. They show that
increasing age, wealth and financial sophistication ire@adiversification, but also lead to investors

taking more aggressive positions.

While behavioral biases have been considered the cause disttrepancy between the theory and
many of the empirical observations, in this paper we offatmnal alternative explanation. We extend
the theoretical literature by considering an investor vawlle to invest in multiple risky assets and who
receives labor income and faces financial constraints ifotine of margin requirements and borrowing
restrictions: investment needs and margin requirememntbeaatisfied only out of the current financial
wealth of the investor, effectively rendering future eags non-tradablé.Our main theoretical result
is that investors facing financial constraints do not folltx theoretical prescription described earlier:
rather than holding a diversified equity portfolio they amdily choose to concentrate their portfolio
on a few assets. The extent to which investors limit theiegtmnents is captured by the ratio of their
financial wealth to their income. As the ratio of financial Vled&o income decreases, investors restrict
their equity portfolios, dropping an asset each time a ttolesin the value of the financial wealth to
income ratio is crossed. We show that in the limit when theniona wealth to income ratio tends to
zero, investors’ portfolios include a single risky assdtpge choice is entirely based on its leveraged

expected return without regard to the asset’s volatilitpsbarpe ratio.

Our result can be intuitively understood as the combinatibtwo effects: the increased demand
for equity exposure when labor income is large compared tniial wealth; and the limited ability
to satisfy this demand because of the margin requiremeigtda@mowing constraint. It is simplest to
explain the intuition in the case of an investor with detaristic labor income. In this case labor income
can be thought of as a fixed investment in a risk-free bond. hsva in Merton (1971), to find the
optimal allocation, the investor should discount the eigebtifetime income, add it to financial wealth,
and choose an equity allocation based on the sum. Keepimcfalavealth constant and increasing

labor income implies increasing equity investment whensuezd as a fraction of financial wealth.

IHaving such restrictions impacts the investor’s choicgsificantly. The restrictions can be attributed to adveesection
and moral hazard problems, as well as the inalienabilityush&n capital. The cause of the constraints is beyond theescop
of this paper and we will consider the restrictions as given.



In the absence of the margin requirements and the borrowengt@int the investor would borrow
against his future income and increase expected returnveyaging his portfolio while keeping it
diversified. Since margin requirements limit the extent tha portfolio can be leveraged, the only
possible way to increase expected return is through syifbiortfolio holdings towards assets with
higher expected returns, sacrificing diversification. Wavwslthat as the demand for additional equity
exposure increases; i.e., when the financial wealth to iectio decreases, the demand for higher
expected returns prevails. In the limit the investor holdsiregle risky asset based entirely on the

asset’s expected return.

An alternative interpretation of our selection result, vehéhe investor trades diversification for
higher expected returns is that the investor can be thoughs becoming less risk averse the more
the constraints bind. We show that in the limit when the rafidis financial wealth to income ratio
tends to zero the investor acts as if he were risk-neutrainbahis investment choice on expected
returns alone. Additionally, investor choices can be usibed through adjusted asset characteristics:
in the case of deterministic income, using duality, we shioat the behavior of an investor that faces
financial constraints corresponds to the behavior of annstcained investor whose opportunity set
includes assets with adjusted Sharpe ratios. As the cantshiads the adjusted Sharpe ratios of the
assets decrease; at the point where an asset is dropped&quortfolio, its adjusted Sharpe ratio drops

to zero.

We point out that while the investor chooses progressivedyg tiversified portfolios as his financial
wealth to income ratio decreases, his overall risk, medshyethe variance of returns of his overall
portfolio, does not necessarily increase. Since lowereslf the financial wealth to income ratio
increase demand for equity, the unconstrained investotd¥@yve chosen a leveraged portfolio, trading
additional variance for additional expected return. Uedblsatisfy his risk appetite through leverage
because of the constraints, the investor chooses a portfat achieves higher expected returns but is
less diversified. Whether the variance of the returns of tteeadl portfolio of the constrained investor
is greater or smaller than that of the portfolio of the un¢@ised investor hinges on the balance of the

two effects.

In addition to changes in the asset allocation, we show lteefihancial constraints induce changes

in the investor's consumption behavior. In the case of anibefiy lived investor that receives an unin-



terrupted income stream, when the wealth of the investatstém zero the investor’s consumption rate
tends to his income rate, preventing wealth accumulatiohiléthis result depends on the assumption
of infinite horizon, it does suggest that investors with tieédy long horizons, little wealth, and large
income, have little incentive to save, a result that we daminm our numerical study. Another effect
of the margin requirements and borrowing constraint isithegstor consumption decreases, and, when
income is deterministic, the volatility of the investorsrsumption is lower than the volatility of con-
sumption for a similar investor that does not face these @i@hconstraints. The intuition behind this
result is that the constrained investor leverages hisgartiess and therefore his overall wealth is less

influenced by changes in the prices of the risky assets.

While our theoretical underdiversification results areagisd for a base case of an infinitely-lived
investor with constant relative risk aversion prefereniteg receives income spanned by the risky
assets, we demonstrate their robustness by consideriegasextensions. We show that underdiversi-
fication persists when uncertainty in income is not spanneth® risky assets; when the investor has
general preferences and receives deterministic inconteakso in the case of an investor with finite

horizon?

To the best of our knowledge, our paper is the first to link thialsination of income and financial
constraints to underdiversification of investor portfsliditerature related to our paper includes the pa-
pers by Karatzas, Lehoczky, and Shreve (1987), and Cox aaddi{1989) who introduce martingale
techniques that make it easier to deal with constraints enntrestment strategies. Models with con-
straints on the portfolio policies are studied by Karatzashoczky, Shreve, and Xu (1991), Cvitanic
and Karatzas (1992), Cvitani¢ and Karatzas (1993), He aadden (1991), Xu and Shreve (1992) and
Tepla (2000). Cuoco (1997) is able to demonstrate existehoptimal strategies for the case of an
investor that faces margin constraints and receives indmmeoes not provide a characterization of
the strategies. Koo (1998) and Koo (1999) solves the optimraktment and consumption problem for
an investor that receives labor income and faces a shatesaistraint and describes properties of the
optimal consumption plan, but does not discuss underdiigatson. Cuoco and Liu (2000) discuss the
case of an investor that is facing margin requirements bes dot receive income, and provide a char-

acterization of his optimal investment strategy. He andeB4993), El Karoui and Jeanblanc-Picqué

2In the case of an investor with finite horizon, the thresheltisre assets are dropped from the investor's portfolio nigpe
on the time remaining until the horizon.



(1998) and Duffie, Fleming, Soner, and Zariphopoulou (1881Jy the optimal asset selection problem
of an investor who receives income and who is constrainedatiotain non-negative levels of current
wealth, but do not address margin requirements. Cuoco an(2DD4) find underdiversification results
in a study of the impact of VaR reporting rules in the portathoice of a financial institution that
maximizes utility from terminal wealth. While very diffeng the setting in Cuoco and Liu (2004) can
be shown to be a special case of our study, corresponding itdiaitely lived investor with constant
relative risk aversion preferences that receives detéstiirincome?® Liu (2009) describes a model
where investors engage in asset selection due to the cotiobirtd a desire to guarantee a minimum
level of wealth and constraints on their ability to borrowdda short-sell risky assets. When the level
of wealth drops close to the minimum, investors reduce #ieaf their portfolios by removing assets
from the portfolio. Unlike our paper, the variable that detmes whether assets are included in the
investor’s portfolio, is the investor’s financial wealthhrar than the ratio of his financial wealth to his
income. While in our setting we are able to predict a relatom between the degree of underdiver-
sification of an investor’s portfolio and the investor's ageas unclear what the impact of a required
minimum level of wealth would be in an investment and constimnpproblem over the lifetime of an
investor; i.e., whether a required minimum level of wealtbuwd lead younger investors to hold an

underdiversified portfolio.

To quantify the magnitude of our theoretical results, we giesent a numerical algorithm to solve
a lifecycle problem of optimal consumption and asset ationain the presence of constraints. We
apply the algorithm in the case of an investor that receimesme until age 65 and then retires with an
expected remaining lifetime of 20 years. The investor hassxto five risky assets, calibrated to match
the risk-return characteristics of five industry portfslizased on data from 1927-2004. The algorithm,
originally introduced in Yang (2009), is an extension of #igorithm developed by Brandt, Goyal,
Santa-Clara, and Stroud (2005)The algorithm determines optimal asset allocations byisglthe
first order Karush-Kuhn-Tucker conditions using functioagproximation of conditional expectations
and projection of the value function on a set of radial basigfions to address the curse of dimen-

sionality problem when facing a large number of state andceheariables. The extension allows for

3Cuoco and Liu (2004) do not study the problem of optimal comstion and asset allocation for an investor that faces
financial constraints and receives labor income — rathgrebasider the problem of asset allocation for a financiditintson
that faces a VaR constraint.

4See also Carroll (2006), and Garlappi and Skoulakis (2008).



a more accurate estimation of conditional expectationsrbyihg the region where test solutions are
generated iteratively, a process called “Test Regiontliter&ontraction (TRIC)”. Our numerical re-
sults are in line with the theoretical intuition: young ist@rs hold under-diversified portfolios, engage
in asset selection, and save a smaller fraction of theimrecoompared to older investors, who hold
portfolios that are close to diversified. It is interestingibte that our calibration implies that when in-
vestors are severely constrained they only choose highstiecks for their equity portfolio, increasing
the expected return of their portfolio but lowering its S&ratio. We provide values for the under-
diversification measures developed by Calvet, Campball Sodini (2008) and show that, in line with
our theoretical result, the investor’s effective risk aien tends to zero when the value of the financial

wealth to income ratio tends to zero.

The remainder of the paper is organized as follows: in Sedtiwe present our theoretical model
and results. Section Il discusses the numerical algorithed tio solve the finite horizon problem, and
presents the numerical results for the optimal allocatamdiversification measures for our calibrated

model of five industry indices. Section Ill concludes. Thegds are contained in the online Appendix.

I. Theoretical Analysis

A. The Economic Setting

For our theoretical results, we consider a continuous tiomnemic setting with an infinitely lived
investor who derives utility from consumption and who iseatd invest in a riskless money-market
account andN risky securities that evolve according to geometric Br@amnmotion with constant

coefficients> We assume that the investor’s utility is of the constanttiadarisk aversion (CRRA)

type®
The Financial Market.

Uncertainty is modeled by a probability spa@, #,P) on which anN dimensional, standard,

Brownian motionw = (wy, Wy, ...,wy) is defined. A state of natur® is an element of2. ¥ denotes

5We have chosen geometric Brownian motion for tractabiligsons.
80ur results also hold for general preferences when the labome received by the investor is deterministic.



the tribe of subsets dR that are events over which the probability meadans assigned. At time

t, the investor’s information set i%, where % is the g-algebra generated by the observationsvof
{ws;0 < s<t}. The filtrationF = { %,t € R, } is the information structure and satisfies the usual
conditions (increasing, right-continuous). In our seftionly a money-market account that pays a
constant interest rate amdirisky securities are available. The value of the money-etaakcountB
evolves according to

dB = rBydt, (1)

wherer is the constant interest rate. L8t=(5,$ ...,Sy) be the vector stock price process whose

dynamics are given by

d§ = Igpdt+ Igodw, (2)

wherels is a diagonaN x N matrix with diagonal elementS, pis anN x 1 matrix, o = [0jj] is an
N x N matrix anddw is the increment of al dimensional Wiener process= (W, Wy, ..., Wy ) with
[dwi, dw;jt| = &;j whered;j = 0,i # j andd; = 1. The instantaneous covariance matoix' is assumed

to be non-singular.
Trading Strategies and Margin Requirements.

We assume that consumptionand trading strategi€s;, z) are adapted processes to the filtration
[F, wherex is the dollar amount invested in the money-market accouttzag- (71,2, ...,2y), are the

dollar amounts invested in tirisky assets.

To trade in risky assets, U.S. investors must hold suffickesalth in a margin account. This
wealth can be held in securities or cash. The Federal Re8marmd’s Regulation T sets the initial
margin requirement for stock positions undertaken throoigikers. The values for the initial margin

requirement are 50 percent for a long equity position, ar@dscent for a short equity positidn.

"See Fortune (2000) as well as the Federal Reserve Boardidd®ieg T for institutional details. In addition to initial
margin requirements, there are also maintenance margireeeents that correspond to the level in the margin accatnt
which collateral needs to be added to the account to avaiitlédgion of the position. Including a maintenance margimuido
make the problem path dependent and we do not consider iisipaiper. Further complications regarding margin accounts
include the fact that 102% of the collateral held in the maggicount needs to be held in liquid assets, and that theemalla
does not, in general, earn the risk free rate of interestGamzy, Musto, and Reed (2002). While it would be interesting
consider these additional features, our main result régguchderdiversification of an investor’s portfolio whe tivestor’s
labor income is large compared to his financial wealth, wawltdchange.



For our model, we impose the following margin constraint nir&estor that holdg,i=1,2,...,N

dollar amounts in the risky assets

AME)TTHA (2)I<W, (3)

withT' = (1,1,...,1) e RN, andA* =1—k*, A~ =k~ —1 with 0< k* < 1,1 < k.8 The regulation

T initial margin requirements correspondk6 = 0.5 andk ™ = 1.5.

We define the set of all possible margin coefficiefts,
A={AeRN Ae{A,-A},i=1..N},
and the set of all feasible allocations in the risky as$gis,
Q={xeRVATx<1, AeAL

Qs a convex set prescribed by finear constraints of which at mobtare binding at the same time.
Risky investment satisfies the margin constraint (3) if and onlg/¥W is in Q. We note that the margin

constraint is more stringent than the constraint of noratieg wealthwW > 0.

Income. We assume that the investor receives a non-negative inclve@grsat a rat&;, which may

be stochastic and is spanned by the risky assets in the egonom

d¥, =Y; (mdt+ ZTdw) 4)

wheremis the growth rate of income, ar®d = (21,%5,..,Zy) € RN. All the coefficients are assumed

to be constant.

Preferences.

8For any real numbex, we havex = x* —x—, with x* = max(x,0) andx~ = max(—x,0).



There is a single perishable good available for consumpti@numeéraire. Preferences are repre-

sented by a time additive utility function

U(c)=E V: u(ct)e‘etdt} ,

where the time discount factd®, is constant. The utility functiomnl is of the CRRA type, with risk
aversion coefficieny

1—

S VAL

Inc, y=1

u(c) =

Optimization Problem.  The investor’s problem is to maximize his expected, cunudatliscounted

utility of consumption
F(W,Y,) = e E [/ u(cs)e‘e(S‘UdS] , (5)
C, t

under the budget constraint
dWs = (MWs — Cs+ Ys+ ZZ (U —r1)) ds+ ozl dw,

whereW > 0,Y; > 0 are the initial conditions for the investor’s wealth andame rate.
Transversality Condition.

The transversality condition for this problem is given by

im E [F (Wt Y )e T — 0.
T—00

Properties of the Primal Value FunctionF.

The value functiorF satisfies the following propositions whose proof can be foumthe online

Appendix.
Proposition I.1. F is homogenous of degrde-yin (W,Y).

Proposition I.2. F is non-decreasing inW and Y and jointly concavéw)Y).



The homogeneity oF allows us to rewrite the value function in terms of the ratiowealth over
income, as

F(W,Y) :Yl’yf(\\,(—v),

for some non-decreasing smooth functitnWe will refer to f as the reduced value function. Below,
we denote by =W/Y the ratio of wealth over income. Notice that the concavit af (W,Y) implies

that f is concave irnv.
Conditions on Parameters

In order to get a well defined problem, we impose that thefalig parameters, B,C are positive.
These parameters appear in the characterization of the Wahetion, the optimal consumption plan
and the optimal investment strategy in both the optimizapooblem of an unconstrained as well as
that of a constrained investor

Al= \9/ y;yl (r - ziy(p— r1)T(oo™) H(p— ri)) >0

Bl=r—m+(02)7(co) (u—r1) >0 (6)

.
cl=06+(y-12 (m—y%) > 0.

Dropping the time index, the Hamilton-Jacobi-Bellman equation for the reducedidlinctionf is
given by

y—1

(04 v-0m—2) 10 < T+ v+ meE v

+ 0T (U= r1-yoZ)vf'(v) - o2V f"(v)) +v2f”(v)wToTcTw,

wherew = z/W is the vector of the percentage of wealth invested in eachefisky assets. This

problem is equivalent to

max[ooT(p— ri+(y—y)oz) — %ooTcroToo , (7)

weQ

10



wherey is the investor’s lifetime relative risk aversiop= —W F;/F;. As shown in the online Ap-
pendix, the boundary condition at=W /Y = 0, is given by

1

o = @ (0+ - nm—yED)).

2

B. Benchmark Case: No Margin Requirements

Following Merton (1971), when the investor does not facegimarequirements markets are complete.

The optimal asset allocatio$, and optimal consumptioa’ are given by

N1 (u—-r1 )1
i (097) y(“ r)W_B(UU) Ny
o WBY
=—5

wheren = u—rl1—yoX is the vector of expected excess returns adjusted for lalsome correlation

with the risky assets.

C. Case with Margin Requirements

Cuoco and Liu (2000) characterize the optimal consumpti@hgortfolio choices for an investor that
is subject to margin requirements and that does not reaedrie; i.e.Y = 0. The case of an investor
that receives an income stream and is subject to marginrezgants is considerably more complicated
than the case without income. Intuitively, from the work oeibn (1971), we know that without
margin requirements the investor should discount his éuaarnings, add the discounted value to his
current wealth, and make an investment choice based on themavided he can borrow against his
future earnings. Since discounted future earnings may nidisant portion of the sum, and possibly
many times the current wealth, the allocation may violaterttargin constraint. The extent to which
the margin constraint binds depends on the ratio betweeouient wealth and the discounted value

of future earnings.

Before addressing the general case, we first consider tlevdasre the adjusted excess return

vectorn is identically equal to zero. In this case, we show in ther@ai\ppendix that labor income

11



has no impact on portfolio holdings and the fraction of weallvested in each asset is constant. If
(00T)~10% € Q, the margin constraint is never binding aigW = (o0T)~10Z. Otherwise, the margin
constraint is always binding. Depending on the parametetiseomodel, the number of assets in the
portfolio can range fronN (full diversification) to 1 (full selection). A condition wer which exactly

K assets are optimally held in the portfolio is reported ingh&ne Appendix.

In the remainder of the paper we assume that the adjustedssateirn vector is not equal to zero,
n # 0. To study the impact of the income stream on the asset sibosa we choose parameters such
that the margin requirement is not binding for low incomeelsy This assumption is satisfied if the
following inequality holds

T(ooT) 1
max<M +)\T(00T)‘1OZ> <1 (8)
AeA Y

Proposition 1.3 below characterizes the optimal portf@itocations according to the investor’s
lifetime relative risk aversiowy, or, equivalently, in terms of the ratio,= W/Y, of current financial
wealth to income. In order to state the proposition, we dedlne (0,0, ...,1,...,0), where 1 is in the

ith position, andy to be theK x N matrix that consists of the firt rows of theN x N identity matrix.

Proposition 1.3. Given the evolution of the price of the risky assets, mormyeh account, and in-
come, described by equations (1), (2), and (4), and undea#isemptions on the parameters given
by equations (6), and assuming that the vector of adjustedssxreturnsr, is not equal to zero, the
optimal asset allocation can be described in terms of Ndistinct regions, defined by the values of
the lifetime relative risk aversion vy, or, equivalently traues of the current wealth to income ratio v.
We characterize these-N1 regions in terms of the thresholds y = 1,...,N + 1, defined below. Let

AT(ooT) !

YN+1N+1 = Max{0 <y <y, max (n+yoZ) > 1}.
y YA Yy

Then, the threshold valugy1 n+1 exists, is unique, and

__ ()T(eaT)"n
yN+l,N+1 - l— ()\*)T(O'O'T)flo'Z’

90ur motivation behind this assumption is that is that it gates dynamics for the investor's asset allocation that are
more complicated compared to the case when the margin eszqeirt binds for low, or zero, levels of income.

12



for some\* € A. Next, for Ke {1,2,... ,N},i € {1,2,... K} let

AT (koo " HeA* \T 3
(A - Lo kon W g ) 1 (IkoaTIE) Hkn

Yik = ; T :
1- (r - Lo a) "I (ooTl}) Mo

and, without loss of generality, assume that risky asseaisesordered such that

YKK = imaﬁ(({yi.K, 0 <Vik <YK+1K+1}

with yk k > 0, K=2,...N. Then, we have

0=Yy11<Y¥22<Y33< ... <YNN < YN4+LN+1-

When the current wealth to income ratio v is large enough shahthe lifetime relative risk aver-
sion y is greater thany,1n+1,Y > Yn+1,N+1, the margin constraint is not binding and the investor
holds all N risky assets in his portfolio. As the ratio v deses, y decreases and atyyn+1N+1,
the margin constraint starts binding; margin requiremengfficientA;" is determined by whether the

position in asset i is long or short atay yn+1N+1

AT, if e’ (0oT)"1(N 4+ Yni1ne10Z) > 0
A= (08T W4 14202) i=1....N ©)

)\_, if eiT(ooT)‘l(r] —|—yN+1’N+10'Z) <0

The second region is delimited by values of the current Wwealincome ratio v such that

YNN <Y <YN+1N+1-

In this region the margin constraint is binding and all assate held in the portfolio. The third region

is delimited by values of v such that

YN—1N-1 <Y <YNN,

13



In this region the constraint becomes more binding and d$sebptimally dropped out of the portfolio.

In general, as the relative risk aversion y decreases, tmstraint becomes more binding and, for

Yk K <Y <YK+1K+1,

exactly the first K securities are optimally held; the last-NK securities have sequentially been
dropped out of the portfolio. Finally, the last region casmonds to small values of the current wealth

to income ratio v and is defined by

O0=y11<y<Y22.

In this region, the investor holds only one asset to the mamirextent allowed by the margin require-

ment.

The proof of Proposition 1.3 is provided in the online AppendWe provide the intution behind

the proof in the next subsection, in the case of determmistiome.

Proposition 1.3 indicates that the investor engages intassgstitution as the margin constraint
becomes binding. Intuitively, the investor tries to impedvs return, within the bounds of the margin
requirement imposed on him, and, in doing so, shifts hisfplitcomposition toward fewer asséfs.
An alternative intuition can be described in terms of theegter's lifetime relative risk aversioy
lifetime relative risk aversion is high when income is rizfally small compared to the investor’s wealth,
while it is low when discounted future earnings are muchdattpan current wealth. When lifetime
relative risk aversion is low, the investor is willing to nease his exposure in risky assets, resulting
in the margin constraint binding and leading the investdndtal fewer assets. In the limit, when the
investor’s current wealth is negligible compared to hisifatearnings, the investor acts as if he is risk-
neutral: he holds a single risky asset to the maximum extewed by the margin constraint, chosen

solely based on the asset’s expected excess return adfastador income correlatiop; —r —yo2;.

19Cuoco and Liu (2004) find risk shifting behavior similar tethne we describe in this paper in the context of a financial
institution that needs to follow VaR reporting rules andtttrges to optimize its asset selection. This behavior lehgs
financial institution to invest in under-diversified pottfs as the VaR constraint becomes binding. Through a toamsftion,
their setting can be shown to be a special case of ours, pomdig to the case of deterministic income.

14



D. Deterministic Income

In the special case where income is deterministic we aretalbtain a result stronger than the result
in Proposition 1.3. In the online Appendix we show that irstbase Proposition 1.3 holds beyond the
case of investors with CRRA preferences: asset selectionre@s the lifetime relative risk aversion
varies for preferences represented by any smooth and comtitity function. Moreover, in the first,
non-binding, region the two fund separation theorem apphi#h the risky assets being held in the
same proportions as in the unconstrained case. Howevenvibtor's risky asset allocation is smaller
(in absolute value) than the allocation of an investor whth same wealth and income that does not

face a margin requirement.

The intuition behind Proposition 1.3 is illustrated for tbase of deterministic income in Figure 1.
The figure considers an investor that has access to thrgeassliets. The parameters are chosen such
that when financial wealth is very large relative to income ithvestor holds a portfolio that includes
all three risky assets. A similar investor with relativedg$ financial wealth increases his allocation to
the risky assets. The larger income is, relative to finarnveealth, the higher a percentage of financial
wealth the investor places in risky assets. As long as theti@int is not binding the investor maintains
the relative proportions of the risky assets in his equitgtfptio, keeping the portfolio diversified. At
some point, for an investor with low enough financial weattfative to his income, the size of the
equity portfolio is large enough for the margin constrambind. In the figure this happens when the
chosen allocation reaches the shaded plane. For an invaiiagven lower financial wealth to income
ratio the margin constraint restricts him in choosing mdigs on the shaded plane in Figure 1. As
long as the allocation does not reach the edge of the planevestor maintains all the risky assets
in his portfolio but in proportions that vary with the ratid financial wealth to income. Once the
allocation reaches an edge of the shaded plane the investestiicted to choose portfolios along that
edge, and is no longer holding all the risky assets. Furtberedses in the financial wealth to income
ratio eventually lead the investor to hold an equity portfa@onsisting of a single asset, represented in
the figure by a vertex. Given our results, in the case of detéstit income, the asset eventually held

is the one with the highest expected return, irrespectithabsset’s volatility.
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If, in addition to deterministic income, we assume that #anns of the risky assets are independent
of each other, we can characterize investor behavior atilhér. In this case the excess retugn-r
of risky assek, and the corresponding margin requirement coeffickgmhust have the same sign, and

risky securities can be ranked according to their leverayedss expected return

UIN—T HPNn—1—T M1 —T1
0< < <0 <
AN AN-1 A1

AssetN is the first security to be dropped out of the portfolio, falld by asselN — 1 and so on until

finally only asset 1 remains in the portfolio.

Relying on duality techniques developed by Cvitanitc andakaas (1992) and Cuoco (1997), it
is possible to interpret the asset allocation and consampiroblem with margin requirements as
an intertemporal consumption-investment problem for astor facing no financial constraints by
adjusting the risky assets’ returns and the risk-free ésterate. This approach can be used to quantify
the impact of the margin requirements: as the margin cdnstbecomes more stringent, adjusted
Sharpe ratios for the risky assets shrink (in absolute yaligich makes risky assets less attractive to

the investor. We provide further details in the online Apglign

E. Properties of the Consumption and Investment Plans

In addition to our result on asset selection, we can chaiaeteptimal consumption using the following

propositions, whose proofs are provided in the online Appen

Proposition 1.4. The optimal consumption is increasing in current wealth @ndrent income and
is lower than its unconstrained counterpart. Inside the -bamding region, z/W the fraction of
wealth invested in risky asset k is lower (higher) than itsanstrained counterpartf;zw whenever

eﬁ(oaT)*ln > 0(< 0). Under the same condition, it is increasing (decreasinghtome (wealth).
Proposition I.5. In the limit of zero current wealth, the lifetime relativeskiaversion y goes to zero

and the optimal consumption rate is equal to the income rate.

We note that Proposition 1.5 implies that an investor withozeurrent wealth will never be able

to accumulate wealth and will always consume his incomes Tdsult indicates the extent to which
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the margin constraint renders holding risky assets umditea While the result holds for the infinite
horizon setting, in the numerical section we also considerlife-cycle problem, where the investor

receives income for only part of his life and then retires emdsumes his accumulated wealth.

Proposition 1.6. When income is deterministic, for any level of consumptidhec optimal consump-
tion process has a lower volatility than its unconstrainemleterpart. Furthermore, as the margin
constraint becomes more binding, consumption volatilégrdases down to zero. These results hold

for every strictly concave utility function.

The intuition behind Proposition 1.6 is that a margin-coaisted investor that receives deterministic
income faces less uncertainty than a similar investor tbas ot face a margin requirement: even
though the constrained investor holds an under-diversgmtfolio, the magnitude of the portfolio is
relatively small compared to the portfolio of the uncorisied investor. Given the smaller portfolio
size, random fluctuations in the stock prices have a smafipact on the sum of the investor’s wealth
and discounted future earnings, resulting in a smootheswaption pattern. We point out the result
does not necessarily hold in the case of stochastic incdrttee stochastic income is highly correlated
with the risky assets, investment in the risky assets caasaathedge, smoothing out income shocks,

rather than magnifying asset price shocks due to the largeo$the investment portfolio.

F. Unspanned Stochastic Income

Under the financial market described above Duffie, Flemirmme® and Zariphopoulou (1997) study
the Merton problem for a HARA preference investor who reegilabor income that follows geometric
Brownian motion that is not perfectly correlated with theckt market. A formal analysis of the exis-
tence and uniqueness of the solution of this problem undegimeequirements is beyond the scope of
our paper. However, a heuristic derivation of the Hamilfagobi-Bellman equation can provide some

insight regarding portfolio selection. If the dynamics albor incomeY are given by

d¥ = Y; (mdt+ ZTdw; +OTdw) ,
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where@T = (01,0,,..,0y) € RM anddw’ is the increment of aM-dimensional Wiener process with
[dw,dw'] = 0, then, dropping the time index the value function of this probler satisfies the
following Hamilton-Jacobi-Bellman equation

BF — max S —CR+ (W +Y)F +mY R+ ZXOV2E),
"W

+77 (U= rI)Fy + 0ZY Fo) + £922F,.

Observe that this equation is the same as the one derived Mbenincome is spanned, with the
exception of an additional terréG)TG)Yzez. This last term has an impact on the dynamics of the
Hamilton-Jacobi-Bellman equation but does not alter th&imiaation problem. This indicates that
asset selectiodoesoccur in the case of unspanned stochastic income. Furtherassets are dropped
out of the portfolio in the same order as in the spanned labosme case. Thhl + 1 regions de-
scribed in Proposition 1.3 are characterized by the sanmeshinmid levelsy k of the lifetime relative

risk aversion. However, the wealth over income ratio cypofhts defining these regions are different.

G. Finite Horizon

Our analysis has focused so far on the infinite horizon caseacEommodate the case of life-cycle
consumption and investment we now consider a case wheranhstor receives an income stream
Y only over the period0,T] with T > 0. Attime T, the investor retires and no longer receives any
income. After datel, death occurs after an additionalears. We assume that the investor does not
have a bequest motive. Since we assume that the margin @iohss not binding when there is no

income, after timd the margin constraint can be ignorEdAt time T the value functiorB is given by

A(1-e VA
1-y

Y

)

B(WF7T) =

whereA is defined in Equation (6).

11The investor is still subject to margin requirements afegirement, but given the range of parameters we study, the
margin requirements do not bind when income is equal to zero.
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For timet < T the value functiorF satisfies

T o1V
F(W7Yt7t) = max Et Cs—e_e(s_t)ds+ B(W]_7-[)e—e(T—t)
(¢ weQ) t 1-y

under the budget constraint
dW = ('Ws— Cs+ Ys+ ZL(u—r1)) ds+ ozldws

with W > 0)Y; > 0 given. Note thaf is still homogeneous of degree-ly and can be written as
FW,Y,t) = YV (w,t), with v=W/Y. Over[0,T], the reduced value functioh satisfies the fol-

lowing Hamilton-Jacobi-Bellman equation

y(fuvt)'y

1_y + fl(v7t)

(0 - m—y"3) ) fu) ~talut)+
F-mEyEE)VRED + 2P ()

:
+ max {ooT (Nvfi(ut) — OZY Vi (wt)) + VP fra(vt)o" %w ,

weQ

with w = z/W and boundary conditiorf (vr,T) = B(vr,T). The analysis conducted in the infinite
horizon case still applies, so asset selection still talesep However, the lifetime relative risk aversion
yi = —vfii(vt)/f1(vt) is now time dependent, which implies that the thresholdshen wealth to

income ratio where the investor drops assets from his partdhange as the investor approaches

retirement.

[I. Numerical Algorithm and Results

To quantitatively illustrate our theoretical results wensider a discrete-time example of an investor
who receives income over his working life, and who retireqa @re-specified age. The investor has
access to a set of risky assets that we calibrate to U.S.tmydosrtfolios. To numerically solve this

optimal asset allocation and consumption problem we exteachumerical algorithm proposed by
Brandt, Goyal, Santa-Clara, and Stroud (2005) to allow futogenous state variables and margin

constraints. The algorithm is designed to solve optimatrobproblems using a functional approxi-
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mation of conditional expectations and is particularlytalie for problems with a large number of state
and choice variables. The algorithm proceeds in a dynanoigramming fashion, solving the optimal
consumption and asset allocation problem backward in tikteeach time step the value function is
approximated using functional interpolation. The optimlédcation and consumption are computed as
solutions of the first order conditions for the problem’sueafunction, augmented by the constraints
multiplied by Lagrange multipliers. One key difference e talgorithm, compared to the algorithm by
Brandt, Goyal, Santa-Clara, and Stroud (2005), is thedluizbon of an iterative step to solve the first
order conditions: rather than relying on approximatingfttet order conditions over a large region, we
focus our approximation in a neighbourhood of a potentikltsmn. Once the solution is computed, we
further restict the neighbourhood of approximation ancheethe solution, until a desired accuracy is

achievedt? We outline the steps of the algorithm below and describedetail in the online Appendix.
Algorithm

Step 1. Dynamic Programming

a. For each time step, starting at the terminal time and wgrkiackward, construct a grid
in the state space and compute the value function and optomslumption and portfolio

decisions for each point in the grid.

b. Approximate the value function on the corresponding godhts. This approximation will

be used in earlier time steps to compute conditional expientaof the value function.

Step 2: Karush-Kuhn-Tucker Conditions To solve the Bellregnation for each point on the grid

perform the following steps

a. Combine the constraints in the portfolio positions areld@tolution of the state variables

with the value function in a Lagrangian function with Laggammultipliers.

b. Make a change of variables that allows the consumptiomdgztion problem to be solved

independently of the asset allocation optimization probté

c. Construct the system of first order conditions (KKT coioti$) for the consumption and

asset allocation optimization problems.

12This improvement in the algorithm by Brandt, Goyal, Santar&; and Stroud (2005) was introduced in Yang (2009).
13This change of variables was proposed in a similar problei@dayoll (2006).
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d. Find the optimal solution of the Karush-Kuhn-Tucker datinds for the asset allocation

optimization problem using an iterative process:

i. Start by choosing a region in the choice space that insltlle optimal portfolio. This
choice can be informed by knowledge of the optimal portfalimearby grid points at
the same time step, or for the same grid point at a later date.

ii. Find an approximately optimal portfolio by solving thgssem of KKT conditions. To
solve the system of KKT conditions, approximate the coodai expectations in the
derivatives of the Lagrangian function using cross-tesiiton regression: choose a
qguasi-random set of feasible allocations. Calculate theaired conditional expecta-
tions — interpolating the value of the value function in tledldwing time step from
the values at the grid points, estimated from Step 1 in theriéign — for each feasi-
ble choice, and project each on a set of basis functions afttbize variables. Solve
the resulting system of equations.

iii - Test Region Contraction. Repeat step (ii) using a seraleégion in which feasible
portfolio choices are drawn, chosen based on the locatidnegbreviously computed

approximately optimal portfolio.
iv. Repeat until the portfolio choice converges.

v. Given the optimal portfolio choice, compute the optimahsumption choice using the

appropriate KKT condition.

A. Calibration

To apply the numerical algorithm, we consider the case ohaesttor that receives income until age
65, at which point he retires. After retirement the investas an expected lifetime of 20 years, which
matches the data in the 2004 Mortality Table for the Sociau8igy Administration for a 65 year old
female, see Social Security Administration (2004). Forliaee case we assume that income grows
deterministically at a constant growth rate of 3% per yearjrie with the assumptions in Viceira
(2001)1* We also assume that the investor is not able to either bomwowhort any of the assets,

corresponding to parameter valies= 1A~ = co.

14We will later consider comparative statics with stochaisttome.
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The opportunity set available to the investor includes fiskyrassets corresponding to the indices
of five industries: Consumer, Manufacturing, High Tech, lleand Other. To calculate the covariance
matrix for each industry we constructed real returns foheadusty using the inflation data provided in
Robert Shiller's website, see Shiller (2003), to deflateathieual returns of the five industry portfolios
between 1927 and 2004, provided in Ken French’s websiteFsaech (2008). The expected returns
for each industry were computed using the methodology megdy Black and Litterman (1992), by
matching the market capitalization weights for each ingust July 2008, provided in Ken French’s
website, to the relative weights that a CRRA investor wheirexs no income would allocate to each
industry within his equity portfolio. The risk-free intexterate was computed from the data in Robert

Shiller’s website to match the realized one year real istaiggte between 1927 and 2004.

B. Diversification Measures

Calvet, Campbell, and Sodini (2008) present an empiricalyars of diversification of household port-

folios in Sweden, and describe several measures that Gu#mti degree that investors deviate from
mean-variance optimal portfolios. We use the same measumeder to determine the potential mag-
nitude of the impact of the financial constraints on diveratfibn. We present the measures below,

following the description and notation in Calvet, Camppafd Sodini (2008).

Denoting byrht,rgt the returns of the risky asset portfolios of the constraiaed unconstrained

investors, respectively, we have the following varianceotposition
't = Oh+Bnret + Ent,

and, if we denote byg, o, the standard deviation of the returns of the equity podfoli the uncon-

strained and constrained investors respectively, we have

2 2.2 | 2
O, = BROg + Oih-
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The interpretation of this decomposition is that the pdidfof the constrained investor hagstematic

risk |Bn|os andidiosyncratic risko; . Theidiosyncratic variance sharis given by

2
Oin  GOin

7 T 27 L2
oy Brog+oiy,

Another measure of portfolio diversification is the Sharut#orof the risky portion of the portfolio. We
denote the Sharpe ratio of the portfolio of an investor tlwsdnot face financial constrairfss, and
the Sharpe ratio of a constrained invesipr These ratios are defined by the ratio of the excess return

of the respective portfolio to the standard deviation ofessscreturns

_k
S=g

where iy, 0y, are the excess return and standard deviation of excegs ifetuthe portfolio of the

constrained investor. Thelative Sharpe ratio losis defined by

RSRL=1— i

83

While the relative Sharpe ratio loss is a measure of the sifieation loss in the risky asset portion

of the portfolio, it does not necessarily reflect the oveeffiiciency loss in the portfolio. To capture
this loss, we define thieturn lossas the average return loss by the investor by choosing a soiabp

portfolio

RLn = Wh(Sg0h — k),
wherew, is the portion of the portfolio invested in risky assets.

Finally, we define a measure associated with utility loseethie constrained investor, compared to
the unconstrained one. It is defined as the increase in thiéreis rate that would make the constrained
investor indifferent between being constrained with thghbr risk-free rate and being unconstrained.
In the case of a risk-averse investor with CRRA preferenc#is nisk aversion coefficieny, Calvet,

Campbell, and Sodini (2008) calculate the utility loss fritra relationship

2 @
ULy = SBzySn




C. Base Case

The optimal asset allocations for the base case paramitezd,in Table Ill, are presented in Figure 2

for investors 30 and 60 years old over a range of wealth tonnecaatios.

From Figure 2 we notice that as the financial wealth of thestoredecreases compared with his
income, the investor allocates a larger proportion of hialtheto the risky assets. For a 30 year old
investor the margin constraint binds if the investor’s ficiahwealth is smaller than 12.9 times his
annual income. While the proportion in which each risky agsdeld within the equity portfolio
does not change when the margin constraint is not bindinge ¢he constraint binds the investor
shifts his portfolio to increase the portfolio’s expectedurn, sacrificing diversification. When the
financial wealth reaches alevel of 8.2, 6.5, 3.7, and 0.984ithe investor's annual income, the investor
drops the Health, Manufacturing, Consumer, and Other ingluslices from his portfolio, respectively.
For financial wealth levels below 93% of the investor's arinneome, the investor’s equity portfolio
consists only of the index of the High Tech industry. A simpattern is observed for an investor of age
60. In that case, since the remaining income spans a smaligoer of years; i.e., the discounted value
of future earnings is smaller than the 30 year old investw,donstraint binds at a lower level of the
financial wealth equal to 2.4 times annual income. For loweels of the financial wealth to income
ratio the 60 year old investor also shifts his equity porfodropping the Health, Manufacturing,

Consumer, and Other industry indices at ratios of 1.8, 116,ahd 0.4 respectively.

Table Il presents further details of the optimal allocatidor different levels of the financial wealth
to annual income ratio, as well as values for the variousrdlifieation measures and the investor’s life-
time relative risk aversion. From the table we notice thaemthe margin constraint is not binding and
the ratio of financial wealth to income decreases, the iovestreases the portfolio’s expected return
by increasing the percentage of his wealth invested in @ssgts while maintaining a diversified port-
folio. Once the constraint binds, further reductions infthancial wealth to annual income ratio result
in a deterioration of the portfolio diversification measurds an example, a 30 year old investor whose
financial wealth is equal to one year of his labor income halgsrtfolio that has 11.1% idiosyncratic
volatility — which corresponds to 11.3% of the portfolio'anance — Sharpe ratio of 25.9% compared

to 27.3% achieved when the portfolio is diversified, and arretoss of 48 basis points per year. We
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point out that, even though the volatility of the equity folib of the constrained investor has higher
volatility, its size is smaller than the equity portfolio thfe unconstrained investor. Due to the smaller
size of the equity portfolio, shocks to the prices of theyiaksets have a smaller effect to the wealth of
the constrained investor, leading to a smoother consumptioice. The beta of the investor’'s equity
portfolio is 14% greater than the beta of the equity part efdiversified portfolio, while the lifetime

relative risk aversion of the investor is 0.23, close to tifat risk-neutral investor.

Panel B of Table Il presents allocations and diversificgatioeasures for a 60 year old investor.
The results are qualitatively similar to the results in Pakxevith the main difference being that the

margin constraint binds at lower levels of the financial wetd annual income ratio.

Table Il presents results obtained by simulating the ewahuof the portfolio of an investor starting
at age 20. From Panel A we notice that the investor whose figlawealth at age 20 was twice his
annual income holds, at age 30, a portfolio that almost aveaysists of one or two risky assets. At
the same time the investor consumes slightly more than hisamabor income. At age 45 the investor
starts consuming less than his annual income and savesntaénder. His portfolio is still mostly
constrained by the margin requirements. At age 60 the iovésts accelerated his saving behavior and

is mostly unconstrained in his financial portfofi®.

Panel B of Table Ill presents the simulation results for arestor whose financial wealth at age
20 is equal to ten times his annual income. Even though thisstor is relatively richer than the
investor in Panel A, the margin constraint still largely dsrat age 30, leading to the investor holding
an under-diversified equity portfolio. Given his large finh wealth, this investor postpones saving
much longer than the investor in Panel A. Overall, the resmitboth panels indicate that younger
investors, even if they have significant amounts of finanwi@alth, are holding portfolios far from

those held by older, unconstrained, investors.

15Since consumption is measured with respect to current atather income and since in this example income increases
3% annually, the reduction in consumption relative to ineasbserved in the table does not necessarily imply a reduttio
the actual amount consumed by the investor. Neverthelessumption to income ratios above 1.0 imply that the investo
consumes part of his financial wealth while ratios below fnply that the investor saves part of his labor income.
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D. Comparative Statics

Regulation T Margin Constraints

Figure 3 presents the optimal asset allocations for an iowdacing a margin constraint in line
with the requirements in Regulation T of 50% for long positiand 150% for short positions. For the
calibrated parameter values from Table I, the investsenshorts any of the risky assets. Compared
to Figure 2, the investor is unconstrained for a greatereafdis financial wealth to income ratio,
with the allocations being identical when the margin caistrdoes not bind for either investor. The
margin constraint for the investor that faces the Regulafionargin requirements binds at a level of
financial wealth equal to 2.3 times his annual income at agen8091% of his annual income at age
60. The order that assets drop out is the same as in the baseandshe last asset held in the portfolio
is the High Tech industry index, which is exclusively heldeatels of financial wealth below 18% of

annual income at age 30 and below 12% of annual income at age 60
Stochastic Income

Figure 4 presents the optimal asset allocations when theshatandard deviation of income growth
is 10%, and income growth is uncorrelated with the returnthefrisky assets, in line with the case
studied in Viceira (2001). The remaining parameters arsdinge as in the base case, given in Table III.
From the figure we notice that stochastic income has an dffieasset allocations: both for age 30
and age 60 investors, allocations in the industry indicesraduced compared to the base case of
deterministic income, an effect intuitively expected dadhe higher risk implied by the stochastic
nature of income growth. While, in line with our theoreticakults, the order in which assets are
dropped from the equity portfolio when the ratio of finanaigdalth to income decreases is the same
as in Figure 2, the threshold when the margin constraintsbiadower. For a 30 year old investor
who receives income with deterministic growth the margindsiat a financial wealth level equal to
12.9 times his annual income, while for the investor who ikeseincome with stochastic growth the
margin constraint binds at a level of financial wealth eqodld.4 times his annual income. An intuitive
explanation for this reduction is that since income grovgtlhumcorrelated with asset returns, income

helps in diversifying the investor’s portfolio, implyingat the margin requirement is less onerous.
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Overall, Figure 4 illustrates that even in the case of stsithid@come the intuition developed by
our theoretical results in Section | remains valid; i.e.jrarestor with low levels of financial wealth
compared to labor income holds under-diversified portfolionsisting of only a few out of many

possible risky assets.
Non-negative Wealth

A case of constrained choice previously studied in theditee is the case when the investor's
wealth is required to remain greater or equal to zero but g/tiee investor does not face a margin
requirement, see He and Pages (1993), El Karoui and JeenBlaqué (1998) and Duffie, Fleming,
Soner, and Zariphopoulou (1997). The margin requirememsidacter constraint, since it automatically
guarantees non-negative wealth. To quantify the diffesanasset allocations, Figure 5 presents the
optimal asset allocation for an investor facing a non-riegatealth constraint, but who is otherwise
identical to our basecase investor. From the figure we nditiaein both the cases of a non-negative
wealth constraint and of a margin requirement, investmemisky assets increases as the wealth to
income ratio decreases. On the other hand, there are sagifidferences: unlike the case of a margin
requirement, an investor that faces a non-negative wealtbtaint maintains a diversified portfolio,
even when his income is much greater than his wealth; iniaddithe size of the risky asset portfolio
for the investor that faces a non-negative wealth condtimimuch larger than for an investor that faces
a margin requirement. In order to finance this larger investnm risky assets, the results in the figure
indicate that the investor that is constrained to maintaealtih non-negative borrows amounts up to 10

times his wealth or more, using his income as collateral.

I1l. Conclusion

The results we have presented indicate that financial @ntgrcan be a significant determinant of
individual portfolios, and can, to some extent, accountempirical findings. The variable that is
instrumental in the determination of the portfolios, and txtent to which investors deviate from
diversified portfolios, is the ratio of current wealth toamse. For large values of this ratio the investor
is unconstrained, while the constraint has the largestiefie low values of the ratio. This result

implies that young investors are most likely to be affectddevolder investors are more likely to hold
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diversified portfolios. This prediction is in line with seakempirical papers. For example, Goetzmann
and Kumar (2008) and Calvet, Campbell, and Sodini (2008)rte¢pat age is a significant determinant
of under-diversification. Kumar (2009) reports that youmgeistors are more likely to hold stocks with
lottery-like payoffs that seemingly expose them to uncomspiéed risk. Goetzmann and Kumar (2008)
report that households that only have a retirement invagtraecount, which presumably includes
households that do not have enough wealth for an additiowakstment account, hold more under-
diversified portfolios. Our findings also provide a ratioeaplanation for the empirical finding that
investors only hold a small number of stocks in their poitfokimilar to Black (1972), constrained
investors try to increase their expected return at the ddsilding less diversified portfolios by shifting
toward portfolios with highef.'® Ivkovi¢, Sialm, and Weisbenner (2008) show that, whileestors
hold relatively few stocks in their portfolios, the numbées with an increase in account balance,

which can be thought of as a proxy of current wealth.

Beyond the existing empirical literature, our theoretiaal numerical results also provide sev-
eral empirically testable predictions. For example, thiéaion predicts that severely constrained
investors; i.e., those with a very low wealth to income ratidll hold only the asset with the highest
expected return, which is not the one with the highest Shai@ As we already mentioned, Ivkovit,
Sialm, and Weisbenner (2008) report that concentratedqgtiog have lower Sharpe ratios. It would
be interesting to also determine whether they also haveehigkpected returns. Another example
would be to test whether investors that borrow on margin —ssibte indication that the investor is

financially constrained — hold less diversified portfoliban investors that do not.

An additional empirical prediction involves the dynamidsunderdiversification: given that our
model predicts that the degree of underdiversification aheestor’s portfolio depends on the ratio of
his labor income to his financial wealth, we would expect udidersification to decrease following a

negative shock to an investor’s labor income, such as thsedba job.

While our findings reveal a clear link between the combimatiblabor income and financial con-

straints and under-diversified portfolios, several higdimain before a rational model can explain all

16An interesting question is whether the inclusion of put s, with their higher leverage, would alleviate the finahci
constraint. While options have not empirically been a sigant component of individual portfolios, the reason whyeistors
shun them is unclear, and can be, for example, due to theirdniges, see Kubler and Willen (2006). This question isidets
the scope of our paper.
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the available empirical findings. One challenge is the confletween the theoretical prediction that
investors will not hold the riskless asset and an undiveiéiquity portfolio simultaneously, and the
empirical results reported in Polkovnichenko (2005) antv&@aCampbell, and Sodini (2008). While
our model cannot address this issue, a possible resolutioldl e a model with an additional cost
imposed on trading risky assets. Such a cost could be duex&nple, to transaction costs, or capi-
tal gain taxes.! An alternative explanation would be the combination of ardesminimum level of

wealth and financial constraints, see Liu (2089).

Another issue that is not addressed directly in our papenhasholding of individual stocks in
investor portfolios rather than mutual funds or exchangded funds (ETFs). Beyond forced holdings,
such as company stock granted to employees, individudhk stdection could be predicted in a rational
framework by including competition for scarce local resas; creating a home-bias effect in areas
where local companies grant stocks to their employees thayat trade out of — see DeMarzo, Kaniel,

and Kremer (20043?

In addition to rational explanations, it is likely that befmal based explanations have a significant
effect. Our contribution in this paper is to offer the rationealth over income as a variable that can be
used to understand underdiversification in investor plogo It would be important to find additional

variables that can distinguish between the rational and\ieral explanations.

An interesting extension of our work would be to consideretssvith different margin require-
ments. In this case, we expect that the assets that have gheshireturn, when leveraged to the
greatest extent possible, would appear most attractivertstiained investors. Such behavior would be
in line with the preference of individual investors for antial real estate investments over financial

investments, due to the lower margin requirements for esdidl real estate.

17In Gallmeyer, Kaniel, and Tompaidis (2006) it is shown thapital gain taxation can also induce an investor to hold an
underdiversified portfolio, while simultaneously holditig riskless asset.

18The difference between the prediction of underdiversificain our paper and the prediction of underdiversification i
Liu (2009) is that, in our work, the ratio of financial wealthihcome determines the degree of underdiversificationleviti
Liu (2009) it is the desire for precautionary savings, dniby the difference between wealth and the desired minimwel le
of consumption. The implication, for empirical studiesthiat both wealth and wealth over income are potential exqitay
variables for observed underdiversification.

I9Nieuwerburgh and Veldkamp (2010) propose another possiqanation. Assuming that investors have limited re-
sources to learn about individual stocks, they show thataptimal to focus on a small subset of stocks, and hold garsfo
that simultaneously include a diversified fund and a cormresed set of assets.
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Figure 1. This figure illustrates the intuition of Proposition 1.3 ftte case of an asset allocation
problem with a margin requirement, deterministic income #mee risky assets. The axes correspond
to the allocations in each risky asset as a percentage ofwegalV,i = 1,2, 3. The margin coefficients
are\™ for long positions and ~ for short positions. The allocations are shown at differeities of
the wealth to income ratio, with the arrows indicating theediion of change in the allocations as the
ratio decreases. The margin requirement binds when theechabcation lies on the shaded plane;
asset 1 is dropped when the allocation lies on the edge an tiéé— z3 /W plane. Asset 3 is dropped
when income is much larger that wealth, and the allocatisapsesented by the vertex on the positive
2, /W axis.
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Deterministic Income, No-Short-Sale-No-Borrowing, Age 30
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Deterministic Income, No-Short-Sale-No-Borrowing, Age 60

100

80

60

40

20

Optimal Portfolio Weight (%)

High Tech

Manufacturing

Health

10

0

10’

Wealth Over Income Ratio

10°

Figure 2. This figure presents the asset allocations for differergltesf the financial wealth to annual
income ratio. The investor receives deterministic incoifige investor’s opportunity set consists of a
riskless asset and five risky assets calibrated to the setfratock industry indices for the industries
High Tech, Consumer, Manufacturing, Health, and Other. paemeter values for the processes
followed by the risky and riskless assets are given in Tdbld he investor is not allowed to borrow or
short an asset and is required to pay 100% of an asset’s VEtgetop panel corresponds to a 30 year
old investor and the bottom panel to a 60 year old investor.
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Deterministic Income, Margin Constraint, Age 30
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Deterministic Income, Margin Constraint, Age 60
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Figure 3. This figure presents the asset allocations for differergltesf the financial wealth to annual
income ratio. The investor receives deterministic incoifige investor’s opportunity set consists of a
riskless asset and five risky assets calibrated to the setfratock industry indices for the industries
High Tech, Consumer, Manufacturing, Health, and Other. paemeter values for the processes
followed by the risky and riskless assets are given in TalbleThe investor is allowed to purchase a
risky asset on 50% margin. The top panel corresponds to a&@O0oje investor and the bottom panel
to a 60 year old investor.
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Stochastic Income, No-Short-Sale-No-Borrowing, Age 30
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Stochastic Income, No-Short-Sale-No-Borrowing, Age 60
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Figure 4. This figure presents the asset allocations for differergltesf the financial wealth to annual
income ratio. The investor receives stochastic income arthualized volatility 10%. The investor’s
opportunity set consists of a riskless asset and five riskgtagalibrated to the returns of stock industry
indices for the industries High Tech, Consumer, ManufaotyrHealth, and Other. The parameter
values for the processes followed by the risky and risklgssta are given in Table Ill. The investor is
not allowed to borrow or short an asset and is required to pa¢dlof an asset’s value. The top panel
corresponds to a 30 year old investor and the bottom paneb@oyaar old investor.
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Deterministic Income, Non-Negative Wealth, Age 30
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Deterministic Income, Non-Negative Wealth, Age 60
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Figure 5. This figure presents the asset allocations for differergltesf the financial wealth to annual
income ratio for an investor that faces a non-negative Wwealnstraint but no borrowing or margin
constraints. The investor receives deterministic income laas access to a riskless asset and five
risky assets calibrated to the returns of stock industricaslifor the industries High Tech, Consumer,
Manufacturing, Health, and Other. The parameter valuethoprocesses followed by income and the
risky and riskless assets are given in Table Ill. The top bemmeesponds to a 30 year old investor and
the bottom panel to a 60 year old investor.



Table 1
Parameter Values for the Base Case

Number of periods 45 years (age 20 to age 65)
Risk aversion 3
Long margin 1
Short margin 00
Time discount factor (annually) 0.98
Interest rate (annually) 1.4%
Income growth rate (annually) 3%

Cnsmr Manuf HiTec Hlth Other

Asset drift (annually) 851% 7.83% 9.51% 6.97% 8.87%
Asset volatility (annually) 28.9% 25.8% 33.3% 26.6% 29.7%
Correlations between assets 1.000 0.898 0.832 0.732 0.932

1.000 0.848 0.698 0.930
1.000 0.772 0.856
1.000 0.727

1.000




Table 2: Asset Allocation and Diversification Measures of te Base Case
This table presents the optimal asset allocations anddifiication measures for the base case : deterministic inamitiheno-short-sale-
no-borrowing constraint. W/Y is the current wealth to in@natio. Cnsmr, Manuf, HiTec, Hith, and Other are the poiifateights (as
a percentage of current wealth) of the five industry indic@ensumer, Manufacturing, High Tech, Health, and Other. difais the total
usage of the margin account in percentageandoy, are the expected value and standard deviation of the exetss f the risky part of
the portfolio. o; , is the idiosyncratic standard deviation. IVarS is the igrasatic variance share, is the Sharpe ratio of the risky part of
the portfolio. RSR, is the relative Sharpe ratio loss. Ris the return loss of the total portfolio. Ulis the utility loss. By, is the3 of the
constrained portfolio with respect to the unconstrainedfglio. LRRA is the lifetime relative risk aversion.

Panel A: Age 30
W/Y  Cnsmr Manuf HiTec HIth Other Margin Oon On IVarS & RSRL, RLy ULp  Bn  LRRA
(%) (%) (%) (%) (%) (%) (%) () () (%) (%) (%) (%) (%)

0 5 9 7 3 7 32 743 272 0.0 0.0 273 0.0 0.00 0.00 1.00 3.00
1000.0 5 10 8 3 8 33 743 272 0.0 0.0 273 0.0 0.00 0.00 1.00 2.87
100.0 7 14 11 5 11 47 7.43 272 0.0 0.0 273 0.0 0.00 0.00 100 5 2.0

20.0 13 25 19 8 20 85 7.43 272 0.0 0.0 273 0.0 0.00 0.00 100 3 11
15.0 14 28 21 9 22 95 7.43 272 0.0 0.0 273 0.0 0.00 0.00 100 2 1.0
12.0 15 27 24 9 25 100 7.49 274 03 00 273 0.0 0.00 0.00 1.0192 0.
10.0 16 21 29 5 30 100 7.67 28.1 13 0.2 273 0.0 0.00 0.00 1.0387 O.

9.0 17 17 32 2 33 100 7.78 285 1.8 04 273 0.1 0.00 0.00 105 2 0.8

8.0 17 12 35 0 37 100 791 29.0 25 0.7 273 0.2 0.01 0.00 106 0 0.8

7.0 16 5 38 0 42 100 8.01 294 3.1 11 27.2 0.3 0.02 0.01 1.08 0.77

6.0 14 0 41 0 45 100 8.10 29.8 3.6 15 27.2 0.5 0.04 0.01 1.09 0.73

5.0 9 0 44 0 47 100 8.14 299 3.9 1.7 27.2 06 0.05 0.01 1.09 0.63

4.0 2 0 48 0 49 100 8.20 30.2 4.6 23 271 0.8 0.07 0.02 1.10 0.56

3.0 0 0 55 0 45 100 8.25 305 52 29 270 1.1 0.09 0.03 111 0.49

2.5 0 0 59 0 41 100 8.28 30.7 5.7 3.5 26.9 14 012 0.03 111 0.44

2.0 0 0 66 0 34 100 833 311 6.6 45 26.8 19 0.16 0.05 1.12 0.41

1.7 0 0 72 0 28 100 837 314 7.4 55 26.7 24 021 0.06 112 0.37

1.4 0 0 80 0 20 100 842 319 85 71 264 3.2 028 0.08 113 0.29

1.2 0 0 87 0 13 100 8.47 323 9.6 8.8 26.2 41 036 010 1.14 0.28

1.0 0 0 96 0 4 100 854 33.0 111 11.3 259 53 048 0.13 114 0.23

0.7 0 0 100 0 0 100 857 333 116 122 257 58 053 0.14 115 9 0.1

0.4 0 0 100 0 0 100 857 333 116 122 257 58 053 014 1.15 9 0.0

0.0 0 0 100 0 0 100 857 333 116 122 257 58 053 0.14 115 0 0.0




Panel B: Age 60

W/Y  Cnsmr Manuf HiTec HIth Other Margin Oon On IVarS & RSRL, RLp ULp  Bn  LRRA
(%) (%) (%) (%) (%) (%) () (%) () (%) (%) (%) (%) (%)

0 5 9 7 3 7 32 743 272 0.0 0.0 273 0.0 0.00 0.00 1.00 3.00
1000.0 5 9 7 3 7 32 743 272 0.0 0.0 273 0.0 0.00 0.00 1.00 2.98
100.0 5 10 8 3 8 33 743 272 0.0 0.0 273 0.0 0.00 0.00 1.00 2.85

20.0 6 12 9 4 9 40 743 272 0.0 0.0 273 0.0 0.00 0.00 1.00 2.35
15.0 7 13 10 4 10 43 743 272 0.0 0.0 273 0.0 0.00 0.00 1.00 2.22
12.0 7 13 10 5 10 46 7.43 272 0.0 0.0 273 0.0 0.00 0.00 1.00 2.07
10.0 7 14 11 5 11 48 7.43 272 0.0 0.0 273 0.0 0.00 0.00 1.00 1.97
9.0 8 15 11 5 12 50 7.43 272 0.0 0.0 273 0.0 0.00 0.00 1.00 1.87
8.0 8 15 12 5 12 52 743 272 0.0 0.0 273 0.0 0.00 0.00 1.00 1.81
7.0 8 16 13 6 13 55 7.43 272 0.0 0.0 273 0.0 0.00 0.00 1.00 1.71
6.0 9 17 13 6 14 59 7.43 272 0.0 0.0 273 0.0 0.00 0.00 1.00 1.62
5.0 10 19 15 6 15 65 743 272 00 0.0 273 0.0 0.00 0.00 1.00 1.48
4.0 11 21 16 7 17 73 743 272 00 0.0 273 0.0 0.00 0.00 1.00 1.29
3.0 13 25 20 9 20 86 7.43 272 0.0 0.0 273 0.0 0.00 0.00 1.00 1.08

2.5 15 28 22 10 22 97 743 272 0.0 0.0 273 0.0 0.00 0.00 1.00 8 0.9

2.0 16 19 30 4 31 100 7.71 282 15 03 273 0.0 0.00 0.00 1.04 3 0.8

1.7 16 8 36 0 39 100 797 29.2 2.8 09 273 0.2 0.02 0.01 1.07 0.74

1.4 12 0 42 0 46 100 8.12 298 3.8 16 27.2 0.5 0.04 0.01 1.09 0.67

1.2 5 0 47 0 48 100 8.17 30.1 4.3 20 271 0.7 0.06 0.02 1.10 0.57

1.0 0 0 52 0 48 100 8.23 304 50 27 27.0 1.0 0.08 0.02 1.10 0.56

0.7 0 0 64 0 36 100 831 310 6.3 42 26.9 1.7 015 004 111 0.44
0.4 0 0 91 0 9 100 851 32.6 10.3 99 261 46 041 011 1.14 0.22
0.0 0 0 100 0 0 100 857 333 116 122 257 58 053 0.14 115 0 0.0




This table presents summary statistics of the simulatedtiivaa well as the portfolio and consumption choices
for an individual investor starting from a given initial wéaand following the optimal investment and consump-
tion strategy. The results are based on 10,000 simulatittrs p& /Y andC/Y are the realized wealth to income
ratio and consumption to income ratio. Cnsmr, Manuf, HiTiith, and Other are the portfolio weights, as a
percentage of current wealth, of the five industry indicesnslimer, Manufacturing, High Tech, Health, and
Other. Margin is the total usage of the margin account ingratage Q»s, Qso, andQys are the 25% percentile,

Table 3

Simulation Results of Base Case

the 50% percentile (median), and the 75% percentile. SDeistiindard deviation.

Panel A: Initial wealth equal to two years of income

W/Y C/Y Cnsmr Manuf HiTec HIlth Other Margin

(%) %) (%) () (%) (%)
Q25 03 1.0 0 0 78 0 0 100
Qs0 07 11 0 0 100 0 0 100
Age 30| Qs 14 11 0 0 100 0 22 100
Mean 1.2 11 1 0 88 0 11 100

SD 1.7 0.1 3 2 19 1 16 1
Q25 1.0 0.8 0 0 59 0 0 100
Qs0 15 0.9 0 0 78 0 20 100
Age 45| Qs 25 09 0 0 100 0 37 100
Mean 2.3 0.9 2 1 76 0 21 100

SD 2.9 0.1 4 5 22 2 17 4
Q25 52 0.6 7 14 11 5 11 49
Qs0 71 07 8 16 12 5 13 55
Age 60| Qs 99 08 10 19 14 6 15 64
Mean 8.1 0.7 9 17 13 6 13 58

SD 4.4 0.2 2 4 3 1 4 13

Panel B: Initial wealth equal to ten years of income

W/Y C/Y Cnsmr Manuf HiTec HIlth Other Margin

(%) %) (%) () (%) (%)
Q25 27 1.2 0 0 26 0 21 100
Qs0 57 1.4 11 0 42 0 33 100
Age 30| Qs 11.3 1.7 15 21 57 7 45 100
Mean 84 15 8 9 45 3 32 97

SD 8.2 0.4 7 11 23 4 14 8

Q25 19 09 0 0 22 0 15 95
Qs0 40 1.0 6 0 46 0 26 100
Aged5| Qs | 106 1.3 12 18 69 6 42 100
Mean 8.4 1.2 6 8 49 2 27 93
SD 10.5 0.4 6 10 28 3 15 15

Q25 6.3 0.6 7 13 10 4 10 43
Qs0 9.4 0.8 8 14 11 5 11 50
Age60| Q5 | 147 1.1 9 17 13 6 13 58
Mean| 11.9 0.9 8 15 12 5 12 52

SD 89 05 2 4 3 1 3 13




